Class XII — NCERT — Maths Chapter 4-Determinants

Exercise 4.1

4
Evaluate the determinants in Exercise 1 and 2. ‘ 5 1‘
Solution 1:

‘ LMooy —a(-s) =2+ 20 =18

-5 -1

Evaluate the determinants in Exercise 1 and 2.

0 cos® —sinf|  |x*—x+1 x-1
i
sin@ cos@ x+1 x+1
Solution 2:
i |80 —sind (cos0)(cos @) —(—sinO)(sin @) = cos> & + sin> & = 1
i =(cos@)(cos@)—(—sin@)(sinf) = cos sin“ @ =
sin@ cosd@
(ii) X —x+1 x-1
x+1 x+1

= (xz —x+1)(x+1)—(x—1)(x+l)
= x3—x2+x+x2—x+1—(x2 —1)
=x’+1-x"+1

=X —x*+2

If A:Ll1 ﬂ , then show that [24| = 4|4

Solution 3:

1 2
The given matrix is 4=
4 2
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ey I ]

2 4
LHS: 24| = ‘8 4‘

=2x4—-4x8
=8-32=-24

Now,

12
A= =1x2-2x4=2x8=—6
4 2

RH.S: 4|4=4x(—6)=—24
S LHS.= RHS.

1 01
A=|0 1 2|, thenshowthat [34=27|4.
0 0 4
1 0 1
The given matrixis 4={0 1 2].
0 0 4

It can be observed that in the first column, two entries are zero. Thus, we expand along the first
column (C,) for easier calculation.

12 fo1f o1
|A|:1‘ ‘—0 + =1(4-0)-0+0=4
0 4 04 1 2
5.27|4|=27(4)=108 (i)
10 1] [30 3
Now, 34=3|0 1 2|=|0 3 6
00 4] [0 0 I2
3 6/ o 3] o3
.'.|3A|=3‘ ‘—‘ +0 ‘
0 12/ o 12] 3 6
=3(36-0)=3(36)=108 ... (ii)

From equations (i) and (ii), we have:
34|=27|4|
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Hence, the given result is proved.

Evaluate the determinants

3 -1 -2 3 4 5
@l o -1 Gt 1 -2
3 -5 0 2 3 1
0 1 2 2 -1 =2
(iii)|-1 0 -3 ivylo 2 -1
2 3 0 3 -5 0
3 -1 =2
(let A=|0 0 -1
3 -5 0

It can be observed that in the second row, two entries are zero.
Thus, we expand along the second row for easier calculation.
-1 2

3 2 3 -1

A=-0 0 —(-1 =(~15+3)=-12
o o e
3 4 5
(i) Let A=]1 1 -2
2 3 1

By expanding along the first row, we have:
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1 1 1
4] s\ \

3 2 3
1+6)+4(1+4) 5(3-2)

3(
3(7)+4(5)+5(1)
21

+5
1 ‘

=21+20+5=46
0o 1 2
(iii) Let A=|-1 0 -3
-2 3 0

By expanding along the first row, we have:

|A|=O‘O —3‘_ -1 —3+2—1 0‘
3 0 |2 0| |2 3
=0-1(0-6)+2(-3-0)
=-1(-6)+2(-3
=6-6=0
2 -1 =2
(iv) Let A=|0 2 -1
3 50

By expanding along the first column, we have:

2 - -1 -2 -1 -2
4| = ‘ ‘—0‘ +3 ‘
-5 0] |5 of "2 -1
=2(0-5)-0+3(1+4)
=-10+15=5
11 =2
If A=|2 1 -3|,find |4
5 4 -9
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1 1 -2
Let A=|2 1 -3|.
54 -9

By expanding along the first row, we have:

Find values of x, if

0 2 4 2x 4 (i) 2 3 x 3
i = ii =
5 1 6 4 5 [2x 5
Solution 7:
i 2 4 2x 4
1 =

5 1 6

= 2x1-5x4=2xxx—-6x4
=2-20=2x"-24

=2x" =6

=x" =3

:>x:ix/§
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2 3
4 5

. x 3
(i) ‘ 2x 5‘
= 2x5-3x4=x%x5-3%x2x
=10-12=5x—-6x
=-2=-x

=>x=2

2

=

If , then x is equal to

|6
18 6

[u—

N W o
+ O =
(@)

(e}

Solution 8:
x 2/ |6 2
18 x ‘18 6‘
=x"-36=36-36
=x"-36=0

—=x?=36

=x=%6

Hence, the correct answer is B.

Exercise 4.2

Using the property of determinants and without expanding, prove that:
X a x+a
y b y+b=0

z ¢ z+c
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Solution 1:

X a x+a |x a x| |x a a
vy b y+b=ly b yl+ly b b
z ¢ z+c| |z ¢ z| |z ¢ ¢

Clearly, the two determinants have two identical columns. Thus,
=0+0=0

Using the property of determinants and without expanding, prove that:
a-b b-c c-a
b-c c-a a-b|=0

c-a a-b b-c

Solution 2:

a-b b-c c-a

A=\b-c¢c c-a a-b

c-a a-b b-c

Applying R, =& R, + R,, we have:
a—c b—a c—b
A=| b-c c—a a—>b
~(a=c) ~(b-a) ~(c-b)

a-c b—-a c-b

=—lb-c c—-a a-b

a-c b-a c-b
Here, the two rows R, and R, are identical.
SA=0.

Using the property of determinants and without expanding, prove that:
2 7 65

3 8 75=0
5 9 86
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2 7 65 |2 7 63+2
3 8 75|=]3 8 7243
5 9 86| |5 9 81+5

63| 2 7 2
72/1+3 8 3
8l |5 9 5

(7)

(8)+0 [Two Coloumns are identical

©)

O

DN W DD W W N
O

O© 0 3 O oo

O

O o0
O 0

=0 [Two Coloumns are identical|

Using the property of determinants and without expanding, prove that:
1 bc a (b + c)
1 ca b (c + a) =0
1 ab c (a + b)

1 bc a(b+c)

A=l ca b(c+a)
1 ab c(a +b)

By applying C;, — C, + C,. We have:
1 bc ab+bc+ca

A=|l ca ab+bc+ca
1 ab ab+bc+ca

Here. Two columns C, and C, are proportional.
S A=0.
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Using the property of determinants and without expanding, prove that:
b+c qg+r y+z a p x
c+ta r+p z+x|=2b q y
a+b p+qg x+y c r z

Solution 5:
b+c q+r y+z
A=|c+a r+p z+x
a+b p+q z+y
b+c q+r y+z| |b+c q+r y+z
=lc+a r+p z+x|+lc+a r+p z+x
a P X b q y
=A +A, (say) L (1)

b+c q+r y+z
Now, A, =|c+a r+p z+x
a p X
Applying R, = R, — R, , we have:
b q vy
A=lc r z
a p x

Applying R, <> R;and R, <> R,, we have:

a p x| la p «x
2
A=(-1)16 g y=pb ¢ » L. (2)
c r zl |lc r z

b+c q+r y+z
A, =|c+ta r+p z+x
b q vy
Applying R, — R, —R, , we have:
c r z
A,=|c+ta r+p z+x
b q vy
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Applying R, > R, — R, we have:

c r z
A,=la p x
b q vy

Applying R, <> R,and R, <> R,, we have:

a p x| la p x

AZ:(—I)Zb g y|l=b q vy ...(3)
c r z| e r z

From (1),(2), and (3), we have:

a p x
A=2\b q y
c r z

Hence, the given result is proved.

By using properties of determinants, show that:

0 a -b
—a 0 —c|=0
b ¢ 0
We have,
0 a -b
A=|-a 0 -—c
b ¢ 0
Applying R, — cR,, we have:
0 ac -bc
A= 1 -a 0 —c
¢ b ¢ 0

Applying R, = R, — DR, , we have:
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ab ac 0

b ¢ O

_4 -a 0 —c
c

b ¢ O

Here, the two rows R, and R, are identical.

S A=0.

By using properties of determinants, show that:

—a*> ab ac
ba —b* bc|=4a’bc?

2
ca c¢cb —c

A=|ba -b* bc

ca c¢b -—c
-a b ¢
=abcla -b c [Taking out factors a,b,c from R,, R, and R3]
a b -
-1 1 1
==a’b’*|1 -1 1 [ Taking out factors a,b,c from C, C, and C;]

1 1
A=a’b’c*|0 0 2
0 2 0
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0 2
— b (-1
e >‘2 0‘

=—a’b’c* (0-4)=4a’b’c’

By using properties of determinants, show that:

1 a a
@l » b :(a+b)(b—c)(c—a)
1 ¢ ¢
I 1 1
Gii)yla b ¢ :(a—b)(b—c)(c—a)(a+b+c)
a b

Solution §:

1 a d

() Let A=l b b’
1 ¢ ¢

Applying R, > R, —R;and R, — R, —R,, we have:
0 a-c a’-¢’
A=|0 b—c b*-C

1 c ¢’
0 -1 —-a-c
=(c—a)(b—c)0 1 b+c
1 ¢ ¢’

Applying R, = R, + R,, we have:

0 0 —a+b
Az(b—c)(c—a)O 1 b+c
1 ¢ ¢’
0 0 -1

:(a—b)(b—c)(c—a) 0 1 b+c

1 ¢ ¢
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Expanding along C,, we have:

0 -1
A:(a—b)(b—c)(c—a) | bic :(a—b)(b—c)(c—a)
Hence, the given result is proved.
1 1 1
(ii) Let A=la b ¢
a b
Applying C;, - C, — C,and C, — C, —C;,we have:
0 0 1

A=|a-c b-c ¢
a-¢ - 7
0 0 1
= a—c b-c c
(a—c)(a2+ac+cz) (b—c)(b2+bc+2) c’
0 0 1
=(c—a)(b—c) -1 1 c
—(a2+ac+c2) (b2+bc+c2) e’
Applying C;, — C, + C,, we have:
0 0 1
A:(c—a)(b—c) 0 1 c
(bz—a2)+(bc—ac) (b2+bc+c2) c’
0 0 1
=(b—c)(c—a)(a—b) 0 0 c
—(a+b+c) (b2+bc+cz) e’
0 0 1
=(a—b)(b—c)(c—a)(a+b+c) 0 1 c
-1 (b2+bc+cz) e’

Expanding along C,, we have:
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1

c

A= (a—b)(b—c)(c—a)(a+b+c)(—1)‘(l)

:(a—b)(b—c)(c—a)(a+b+c)

Hence, the given result is proved.

By using properties of determinants, show that:

x x° yz
y v ozx|=(x-y)(y—z)(z—x)(xy+yz+2zx)
z z¢ xy

Solution 9:
x x yz
Let A=|y y* =zx

z 0 xy

Applying R, > R, — R ,and R, > R, — R, we have:

2
X X vz

A=ly—-x Y —x* zx—yz
z-x z'-x" xy—yz

2
X X vz

=-(x-») —(x-y)(x+y) z(x-y)
(z=x)  (z=x)(z+x) —y(z-x)

2
X X vz

=(x—y)(z—x) -1 —x-y =z
Il z-y z-y
Applying R, = R, + R,, we have:

2
X X vz

A:(x—y)(z—x)—l -Xx-y z
1 z—-y z-y
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2

x X yz
=(x—y)(z—x)(z—y)-1 —x-y =z
0 1 1

2

Expanding along R,, we have:
X yz X X

A:[(x—y)(z—x)(z_y)]{(_l) -1 z| |-1 —x-y

= (x=y)(z=x)(z=p)[ (=2 —yz)+ (=" —xp+x°) |
= —(x=3)(z=x) (=) (x+ v+ 2x)

= (x—y)(y—z)(z—x)(xy+yz+zx)

Hence, the given result is proved.

+1

|

By using properties of determinants, show that:
x+4 2x 2x
G) | 2x  x+4 2x |=(5x+4)(4-x)
2x 2x  x+4
y+k oy y
) | v y+k vy :k2(3x+k)
y y vtk

x+4 2x 2x
(i) A=|2x x+4 2x
2x 2x x+4
Applying R, - R, + R, + R,, we have:
5x+4 5x+4 5x+4
A=| 2x x+4 2x
2x 2x x+4
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1 0 0
:(5x+4)2x x+4 0
2x 0 x+4
Applying C, - C, -C,,C, - C, - C,,wehave
1 0 0
A=(5x+4)2x —x+4 0
2x 0 -x+4
1 0 0
:(5x+4)(4—x)(4—x)2x 1 0
2x 0 1
Expanding along C,, we have:
1 0

A=(5x+4)(4-x) e

=(5x+4)(4-x)

Hence, the given result is proved.
y+k oy y
(i) A= y y+k vy
y oy ytk
Applying R, =& R, + R, R;, we have:
3y+k 3y+k 3y+k

A=| y v+k y
y y o ytk

1 1 1

=(3y+k) vy y+k y

y oy y+k
Applying C, = C, - Ciand C; — C; —C,, we have:
1 0 0
A=3y+k)ly k 0
vy 0 k
1 00
:k2(3x+k)y 1 0
y 0 1
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Expanding alone C,, we have:

1

A= (3y+h)| =k Gr+8)

Hence, the given result is proved.

By using properties of determinants, show that:

a—-b—c 2a 2a

G| 2 b-c-a 2b |=(at+b+c)
2c 2c c—a->b

xX+y+2z x h%

Gi)| =z y+z4+2x y o |=2(x+y+z)
z X z+x+2y

a-b-c 2a 2a

G| 2 b-c—a 2b |=(a+b+c)

2c 2c c—a->b

Applying R, - R, + R, + R,, we have:
a+b+c a+b+c a+b+c
A=| 2b b—c—a 2b
2c 2¢ c—a->b
1 1 1
:(a+b+c) 2b b-c-a 2b
2c 2¢ c—a->b
Applying C, —> C, - C,, C, = C, - C, ,we have:

1 0 0
A=(a+b+c)|2b —(a+b+c) 0
2¢ 0 —(a+b+c)
1 0 O
=(a+b+c)2b -1 0
2c 0 -1

Expanding along C,, we have:

A=(a+b+c) (-1)(-1)=(a+b+c)
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Hence, the given result is proved.

X+y+2z x v
(i) A= z y+z+2x y
z X z+x+2y

Applying C, — C, +C, + C;, we have:

2(x+y+z) X y

A:2(x+y+z) y+z+2x y
2(x+y+z) X z+x+2y

1 x y

:2(x+y+z)1 y+z+2x y
1 x z+x+2y
Applying R, - R,—Rand R, > R, — R, we have:
1 X y
A:2(x+y+z)0 X+y+z 0

0 0 X+y+z
I x
=2 (x +y+ z) 0 1
0 0
Expanding along R,, we have:
A =2(x+y+z)3 (1)(1—0) :2(x+y+z)3
Hence, the given result is proved.

y
0
1

By using properties of determinants, show that:

1 x x
x* 1 x:(l—x3)2
x x 1
1 x X
A=lx> 1 «x
¥ o1

Applying R, - R, + R, + R, ,we have:
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l+x+x° l+x+x" l+x+x°
A=| X’ 1 x
X x’ 1
Applying C, — C, — Ciand C; — C; —C,, we have:
1 0 0
A:(1+x+x2)x2 1-x* x—x°

x x*—x l-x

1 0 O
=(1+x+xz)(1—x)(1—x)x2 I+x x
x —x 1
1 0 O
:(l—x3)(l—x)x2 l+x x
x —x 1

Expanding along R,, we have:

A=(1-x)(1-x)(1) ljxx )IC
=(1-+")(1

—x)<1+x+x2)
1—x3)

(
(1)
(1)

Hence, the given result is proved.

By using properties of determinants, show that:

l1+a*>-b’ 2ab —2b
2ab 1-a* +b° 2a =(1+c12+192)3
2b —2a l1-a’-b’
l+a’ b’ 2ab —2b
A=| 2ab  1-a’+b° 2a
2b —2a 1-a*-b°

Applying R, = R, +bR;and R, — R, —aR,, we have:
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l+a>+b° 0 —b(1+a2+b2)
A= 0 1+a*>+b* a(1+a2+b2)
2b —2a 1—a?-b?
1 0 b
:(1+a2+b2) 0 1 a

2b 2a 1-d*-b*

Expanding along R,, we have:
A=(1+d +b7) {(1)‘

—(1+a®+b*) [1=a® —b* + 24> —b(~2b
(-20)

1 a
2a 1-a*-b°

0 1
-b
‘2b —2a

|

(1+a2+b2)2(1+a2+b2)

(1+a2 +b2)3

By using properties of determinants, show that:

a’+1 ab ac
ab b +1  be |=1+a*+b*+cF
ca ch A +1

Solution 14:

a+1  ab ac
A=| ab b*+1 bc
ca ch A+l

Taking out common factors a,band c from R, R, and R, respectively, we have:

a+l b c
a

A=abc| a b+l c
b
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Applying R, >R, —R and R, > R, — R, we have:

a+l b ¢
a
A =abc —l l 0
a b
1o, 1
a c

Applying C, =»aC,, C, - bC,and C, —cC;, we have:
a+1 b
A =abcx 1 -1 1 0

b
e S
Expanding along R,, we have:
bZ 2 2 1 bZ
A=—1" “la* T
1 0 -1 1

=—1(—c2)+(c12+1+bz)=l+a2+192+c2

Hence, the given result is proved.

Choose the correct answer.

Let A be a square matrix of order 3x 3, then |kA| is equal to
k|4

k|4

k|4

3k|A

o 0w

Answer: C
A is a square matrix of order 3x 3.

al bl cl
Let A=|a, b, c

a, by ¢
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ka, kb, ke,
Then, kA=|ka, kb, kc,
ka, kb, kc,
ka, kb kc,
|kA| =\ka, kb, kc,
ka, kb, kc,
al bl cl
=k’la, b, ¢, (Taking out common factors k from each row)
a, by ¢
-]
kA = k7|4

Hence, the correct answer is C.

Which of the following is correct?

Determinant is a square matrix.

Determinant is a number associated to a matrix.
Determinant is a number associated to a square matrix.
None of these.

Caowp

Answer: C

We know that to every square matrix, 4= [aij] of order n. We can associate a number called

the determinant of square matrix 4, where aij = (i, j )th element of 4.

Thus, the determinant is a number associated to a square matrix.
Hence, the correct answer is C.



Class XII — NCERT — Maths Chapter 4-Determinants

Exercise 4.3

Find area of the triangle with vertices at the point given in each of the following:

@ (1,0), (6,0) ,(4,3)
(i) (2,7), (L1), (10,8)
(iii) (—2,-3), (3,2), (-1-8)

(i) The area of the triangle with vertices (1,0),(6,0),(4,3) is given by the relation,
1 01

6 0 1
4 31

:%[1(0—3)—0(6—4)+1(18—0)]

= l[—3 +18]= L} square units
2 2

A=1
2

(ii) The area of the triangle with vertices (2,7) , (1,1) , (10,8) is given by the relation,

2 71

A=l I 1
2

10 8

:%[2(1—8)—7(1—10)+1(8—10):|
=%[2(—7)—7(—9)+1(—2)]

=%[—14+63—2]=%[—16+63]

1
1

47 .
= 7 square units

(iii) The area of the triangle with vertices (—2, —3) , (3, 2) , (—1, —8) is given by the relation,
-2 31
A= 1 3 2 1
2
-1 -8 1
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:%[_2(2+8)+3(3+1)+1(—24+2)]

= %[—2(10)+3(4)+1(—22)]

:%[—20+12—2z]

30
2

Hence, the area of the triangle is |—15| =15square units

-15

Show that points A(a,b+c),B(b,c+a),C(c,a+b) are collinear

Area of AABCis given by the relation,

a b+c 1
A:lb c+a 1
2c a+b 1
a b+c 1
=%b—a a-b 0 (Applying R, >R, —Rand R, >R, —R))
c—a a-c O
a b+c 1
=%(a—b)(c—a)—1 10
1 -1 0
a b+c 1
:%(a—b)(c—a)—l 1 0 (Applying R, > R, +R))
0O 0 O

=0 (All elements of R, are 0)
Thus, the area of the triangle formed by points 4, Band C is zero.
Hence, the points A4, Band C are collinear.
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Find values of & if area of triangle is 4 square units and vertices are
(i) (£,0),(4,0),(0,2)
(i) (—2,0),(0,4).(0,k)

We know that the area of a triangle whose vertices are (x,,,),(x,,»,)and (x,,y;)is the
absolute value of the determinant (A), where
x o»n 1
A=—x 1
N b
oy 1

It is given that the area of triangle is 4 square units.
S A=14,
(i) The area of the triangle with vertices (k,0),(4,0),(0,2)is given by the relation,
k 01
1

A=—l4 0 1
2

:%[k(0—2)—0(4—0)+1(8—0):|

:%[—2k+8]:k+4

Sk +4=14
When —k + 4 =—-4,k=8.
When —k + 4 =—-4,k=0.
Hence, £=0,8.
(ii) The area of the triangle with vertices (—2,0),(0,4),(0,k)is given by the relation,
-2 0 1
a=o 41
2
0 k£ 1

1
=>[-2(4-8)]
=k -4
Lk—4=+4
When k£ — 4 =—-4,k=0.
When k£ — 4 =4,k=8.
Hence, £=0,8.
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(i) Find equation of line joining (1,2)and (3,6)using determinates

(ii) Find equation of line joining (3,1)and (9,3)using determinants

(i) Let P(x, y) be any point on the line joining points A(l, 2) and B (3, 6) . Then, the points A4, B

and P are collinear. Therefore, the area of triangle ABP will be zero.

1 21
l3 6 1=0
2
x y 1

1
:>5[1(6—y)—2(3—x)+1(3y—6x)] =0
=6-y-6+2x+3y—-6x=0
=2y—-4x=0
= y=2x
Hence, the equation of the line joining the given points is y =2x.
(i1) Let P(x, y) be any point on the line joining points A(3,1) and
B(9,3) . Then, the points A4, Band P are collinear. Therefore, the area of the triangle ABP will

be zero.
3 1 1
l 9 3 1=0
2
x y 1

:>%[3(3—y)—1(9—x)+1(9y—3x)]=0
=9-3y-9+x+9y-3x=0
=6y—2x=0

=>x-3y=0

Hence, the equation of the line joining the given points is x—3y = 0.

If the area of triangle is 35 square units with vertices (2,—6), (5,4)and (k,4). Then k is

A. 12
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B. -2
C. -12,-2
D. 12,-2

Answer: D

The area of the triangle with vertices (2,—6),(5,4)and (k,4)is given by the relation,

2 -6 1
a=lls 4
2
ko4 1

:%[2QL49+6(5—k)+u20—4kﬂ
= %[30—6k+20—4k]
1
=—[50-10%
< [50-104]
=25-5k
It is given that the area of the triangle id +35.

Therefore, we have:

= 25-5k=+35
= 5(5-k)=%35
=5k=+7

When 5—k=-7k=5+7=12.
When 5—-k=-7,k=5-7=-2.
Hence, £k =12, —2.

The correct answer is D.



Class XII — NCERT — Maths Chapter 4-Determinants

Exercise 4.4

Write Minors and Cofactors of the elements of following determinants:

2 -4
(i) 0 3

c
(11) b4

(i) The given determinant is

2 —4‘

Minor of element a; is M.

. M,, = minor of element a,, =3
M,, = minor of element a,, =0
M,, = minor of element a,, =—

M,, = minor of element a,, =

4
2
Cofactor of a;is 4, =(—1)Hj M;.

cdy =(-1)" My, =(-1)'(3)=3
Alz:(_l)1+2 ( 1)3( )
A21:( )M :( 1)3( ):
Ay =(=1)" My, =(-1)'(2) =2

(ii) The given determinant is

Minor of element a,is M.

. M,, = minor of element a,, =d
M,, = minor of element a,, =b
M,, = minor of element a,, =c

M,, = minor of element a,, =a

Cofactor of a,is 4, =(~1)"" M

i*

cdy=(-1)" M, =(-1)' (d)=d



Class XII — NCERT — Maths Chapter 4-Determinants

A, =(=1)" M, =(-1) ()
Ay =(=1)" My =(-1) (¢)=—¢
Ay = (1) My, =(-1) (a)=a

,_

Write Minors and Cofactors of the elements of following determinants:

(@)
0
1
0
(i)
1 0 4
3 5 -1
1 2
1 00
The given determinantis 0 1 0
0 0 1

By the definition of minors and cofactors, we have:

1 0

=1
0 1‘

M,, = minor of a,, =‘
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. 0

M,, = minor of a,, = 0 1 =0
. 1

M,; = minor of a, = =0
0 0
. 0

M,, = minor of a,, = 0 1 =0
. 0

M,, = minor of a,, = 0 1 =1
, 0

M,, = minor of a,, = o ol 0

M,, = minor of a;, = . =0
, 0

M,, = minor of a,, = 0 o™ 0

) I 0

M,; = minor of a;, =

A,, = cofactor of a, =(~1)" M, =1

A,, =cofactor of a, = (—1)1+2 M,, =0
1+3

A,; =cofactor of a,; =(-1) " M,; =0

A, =cofactor of a, =(—1)""M,, =0
2+2

A,, = cofactor of a,, =(-1)""M,, =1

A, = cofactor of a,; =(~1)""M,, =0
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A, = cofactor of a, =(~1)" M, =0
A, =cofactor of a,, =(-1)""M,, =0

A, = cofactor of a,, = (—1)3+3 M,, =1

1 0 4
The given determinantis (3 5 -1
01 2

By definition of minors and cofactors, we have:

M,, = minor of g, = =10+1=1
1 2
, 3 -1
M,, = minor of a,, = =6-0=6
0 2
, 35
M,; = minor of a,; = { =3-0=3
, 0 4
M,, = minor of a,, = 2:0—4:_4
, 1 4
M,, = minor of a22:0 2:2—022
, 1 0
M,, = minor of a,; = =1-0=1
0 1
‘ 0
M;, = minor of a;, :‘ ‘20—202—20
, 1
M,, = minor of anz‘ ‘——1—12:—13

3 -1
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1
M;, = minor of a;, =‘3 5‘=5—0=5

A,, = cofactor of a, =(~1)"M,, =11

1+2

A,, =cofactor of a, =(-1) " M,, =—6
A, =cofactor of a; = (—1)1+3 M,; =3

A, =cofactor of a,, =(—1)""M,, =4

)2+2

A,, = cofactor of a,, =(—1)""M,, =2

A, =cofactor of a,, = (—1)2+3 M,, =-1
3+1

A, =cofactor of a;, =(—1)" M, =20
3+2

A, = cofactor of ay, =(-1) M, =13

A, =cofactor of a,, =(~1)""M,, =5

N O W
W = o0

5
Using Cofactors of elements of second row, evaluate A =|2
1

5 38
The given determinantis 2 0 1
1 2 3

We have:
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38
M,, = =9-16=—7
2 3

<. A,, = cofactor of a,, =(~1)"M,, =7
5 8

My =l |=15-8=7

<. A,, = cofactor of a,, =(~1)""M,, =7

53
M,, = =10-3=7
1 2

2+3

. A,y = cofactor of a,; =(—1)" My, =—7

We know that Ais equal to the sum of the product of the elements of the second row with their
corresponding cofactors.

LA =ayAy +anh,, +apAg,
= 2(7)+0(7)+1(—7) =14-7=17

I x yz
Using Cofactors of elements of third column, evaluate A=|l y zx

1 z xy

1 x yz
The given determinantis [l y zx
1 z xy
We have:
1
M;; = =z=)
z
1 x
M,, = =z-X
1 z
I x
M;; = =y—Xx
Ly

1+3

A, =cofactor of a; =(—1) " M,; =(z—y)
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A, = cofactor of a,; = (—1)2+3 M, =—(z—x)=(x-2)
A, = cofactor of a,, = (—1)3+3 M, =(y—x)
We know that Ais equal to the sum of the product of the elements of the second row with their

corresponding cofactors.
A=aAj;+ayAy +agAg,

=yz(z—y)+zx(x—z)+xy(y—x)
=y =y z+xz—xz" +x° —x’y
:(xzz—yzz)+(yz2 —xzz)+(xy2 —xzy)
—y2)+zz(y—x)+xy(y—x)
z(x=y)(x+y)+2* (y—x)+xy(y—x)
x—y)[zx+zy—zz—ny
—y)[z(x—z)+y(z—x)]
—y)(z=x)[=z+Y]
=(x=y)(r-2)(z-x)

Hence, A=(x-y)(y-z)(z—x).

(e

=

(
(
(

=

For the matrices 4 and B, verify that (AB)' = B 4 where

1
(@) A=|-4[B=[-1 2 1]
3

0
(i) 4=[1[,B=[1 5 7]
2

1 -1 2 1
() AB=|-4|[-1 2 1]=| 4 -8 —4
3 -3 6 3
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-1 4 -3
.(4B)'=|2 -8 6
1 -4 3

-1
Now, 4 =[1 -4 3],B =|2
1

-1 -1 4 -3
LBA=2|1 4 3]=2 -8 6
1 1 4 3

Hence, we have verified that (AB)' =BA.

0 0 0 0

(i) 4B=|1|[1 5 7]=[1 5 7
2 2 10 14
01 2

~(4B) =|0 5 10
0 7 14

Now, 4 =[0 1 2],B =|5

01 2
LBA={5][0 1 2]=/0 5 10

0 7 14
Hence, we have verified that (AB)' =B A .
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Exercise 4.5

1 2
Find adjoint of each of the matrices. L 4}

Solution 1:

1 2
Let A=
b

We have,
A11 =4, A12 =-3, A13 =-2, Azz =

1
Ladia=| Aot 72
A, Ay | |31

1 -1 2
Find adjoint of each of the matrices | 2 3 5
-2
Solution 2:
I -1 2
Let A= 2 3 5|
-2 0 1
We have,
A4, = 32 =3-0=3
0 1
4, =7 J=—(2+10)=12
-2 1
A, = 22 =0+6=06
-2 0
4, = 01 ?:_(_1_0):1
A, = b2 =1+4=5
-2 1
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A23=—‘_2 0‘——(0— )=2
Aﬂz‘_l 2‘_—5— =11
2 5
A32:—‘; i‘:—(5—4):—1
A33—‘1 _1‘=3+2=5
2 3
A, A, A, 301 -11

Hence, adjA=| 4, A, A4,|=|-12 5 -1
A, A, Ay, 6 2 5

Verity A(adj A)=(adj A)A= A|1

S
™

We have,
|4 =—12—(-12)=—12+12=0

e

Now,
A, =-6,A,=4A, =-3,A, =2,

) -6 -3
c.ad) A=
4 2

Now,
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A(ade){z 3}[—6 —3}

4 6|4 2

_12412 -6+6] [0 0

:{24—24 12—12}:{0 0}
Also, (ade)A=[_6 _3}[ 2 }
4 2]-4 -6

—12+12 -18+18] [0 0

:[ 88 12—12}{0 0}

Hence, A(adj A)=(adj A)A=|A|1.

Verify A(adj A)=(adj A)A=|A|I .

-1 2
3 -2
3
1 -1 2
A=|3 -2
1 3
|4=1(0-0)+1(9+2)+2(0-0)=11
1 0 0] [11 0 0
|[4[7=1110 1 0f=/0 11 0
00 1] [0 0 11
Now,

Ay =0,4,=—(9+2)=-11,4,=0
Ay =—(-3-0)=3,4,,=3-2=1,4,, =—(0+1)=-1
Ay =2-0=2,4,=—(-2-6)=8,4,=0+3=3

0 3 2
cadjd=|-11 1 8
0 -1 3

Now,
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1 -1 2 0O 3 2
A(adjA)=3 0 -2|-11 1 8
1 0 3 0 -1 3
[0+11+0 3-1-2 2-8+6
=/ 0+0+0 9+4+0+2 6+0-6
| 0+0+0 3+0-3 2+0+9
[11 0 o
=0 11 O
10 0 11
Also,
0 3 2|1 -1 2
(adj A).A=|-11 1 8|3 0 =2
0O -1 3j|1 0 3

[ 0+9+2 0+0+40 0-6+6
=[-11+3+8 11+0+0 -22-2+24
i 0-3+3 0+0+0 0+2+9

11 0 0
=0 11 0
0 0 11

Hence, A(adj A)=(adj A)A=A=|A|I.

-1 5
Find the inverse of each of the matrices (if it exists). [ 3 2}

-1 5
Let A=

-3 2
We have,

|4 =—2+15=13

Now,
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A,=2,4,=3,4,, =-5,4,, =-1

L[S
S.a =
S

.'.AlzLade:i[z _5}
|4] 13[3 -1

S N
wm B~ W

1
Find the inverse of each of the matrices (if it exists). | 0
0

123
Let A=|0 2 4

005
We have,
|4=1(10-0)-2(0-0)+3(0-0)=10
Now,

4,=10-0,4,=—(0-0)=0,4,=0-0=0
A, =—(10-0)=-10,4,, =5-0=5,4,, =—(0-0)=0
Ay, =8-6=2,4,=—(4-0)=-4,4,,=2-0=2

10 -10 2
sadid=| 0 5 4
0 0 2
10 -10 2
st =Laga=Lo 5 4
|4| 10

0 0 2
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1 0 0
Find the inverse of each of the matrices (if it exists). |3 3 0
5 2 -1

I 0 O
LetA=|3 3 0

5 2 -1
We have,
|4|=1(-3-0)-0+0=-3
Now,
AH:—3—0:—3,A12:—(—3—0):3,/113:6—15:—9
A22=—(0—0)=O,A22=—1—O=—1,A22:—(2—0)=—2
A31:0—0:O,A32:—(0—0):0,A33:3—0:3

-3 0 0
sadidA=|3 -1 0
-9 -2 3
-3 0 0
R D
LA =—adiA=—-| 3 -1 0
|4 3
-9 -2 3
2 1 3
Find the inverse of each of the matrices (if it exists). | 4 -1 0
-7 2 1
2 1 3
Let A= 4 -1 0
-7 2 1

We have,
|4|=2(-1-0)-1(4-0)+3(8-7)
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=2(-1)-1(4)+3(1)
=-2-4+3
=-3
Now,
AH:—1—0:—1,A12:—(4—0):—4,/113:8—7:1
A22=—(1—6):5,A22=2+21:23,A23:—(4+7)=—11
A31:0+3:3,A22:—(0—12):12,,433:—2—4:—6
-1 5 3
LadiA=|-4 23 12
1 -11 -6

1 s 3

f A = adid=—=| -4 23 12
|4 3

1 -1 -6

1 -1 2
Find the inverse of each of the matrices (if it exists). [0 2 -3
3 2 4

I -1 2
Let A=0 2 -3
3 =2 4

By expanding along C1, we have:
|4|=1(8—6)—0+3(3—-4)=2-3=-1

Now,

A, =8-6=2,4,=—(0+9)=-9,4,=0-6=—6

Ay =—(—4+4)=0,4, =4-6=-2,4,, =—(-2+3)=-1
A, =3-4=-1,4,=—(-3-0)=3,4,=2-0=2
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2 0 -l
sadid=|-9 -2 3
-6 -1 2

| 2 0 -1 -2 0 1
LA = made =-1-9 -2 3|={9 2 3
-6 -1 2 6 1 -2

) 0

Find the inverse of each of the matrices (if it exists). | 0 cosa sina

0 sina -—cosa

1 0 0
Let A=|0 cosa sina |a

0 sina -—cosa
We have,
|4]= l(—cos2 a—sin” a) = —(cos2 a+sin’ a) =—1
Now,

—_— 2 3 2 —_— —_— —_—
A,=—-cos"a-sm a=-1,4,=0,4,=0
A4, =0,4,, =—cosa, 4, =—sina

4, =0,4,, =—sina, 4;; =cosa
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-1 0 0
sadjA=| 0 —cosa -sina

0 -—sina cosa

. -1 0 0 1 0 0
.'.A‘1=Hade=—1 0 —cosa —sina|=|0 cosa sina
0 —sina cosa 0 sina -—cosa

3 7 6 8 . -1 —1 41
Let A= 5 s and B = - Verify that (4B) =B"'4

adJA:{s —7}

-2 3

G 1 "5 7
W
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|B|=54-56=-2
JiB 9 -8
S.a =
/ -7 6
9
-1 _ 1 l|:9 _8i|_ _2 4
|B| 21-7 6 7 _3
2
Now,
9
-= 4
gigi_| 2 {5 _7}
7423
2
—4—25—8 %Hz _% 8?7
] 35 49 |47 al (1)
—-—+6 —-9 ar o7
Then,

3 76 8
AB =

{2 5}[7 9}
_[18+49 24+63
112435 16+45

|67 87
147 6l
Therefore, we have |AB| =67x61-87x47=4087-4089=-2.

Also,

.-.adj(AB){ 61 —87}

47 67

~(4BY" = adj(4B) _1{ 61 —87}

| 4B 2|47 67
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61 8
2 2

= - T 2
g e (2)
2 2

From (1) and (2), we have:
(4B) ' =B"'4"

Hence, the given result is proved.

301
A=
-1 2
) 313 1 9-1 3+2 8 5
A =AA= = =
-1 2| -1 2| |-3-2 -1+4| |-5 3

A —-54+71

(8 5 31 1 0
|5 3}5{—1 2}7{0 1}
8 5] [15 577 0

B 3}{—5 10}{0 7}
-7 0 7 0] [0 0

1o —7}{0 7}{0 0}

Hence A>—-54+71=0.

L A-A-54=-71
= Ao 5447 =714 | Post-multiplying by 4'as|4|=0 |

3 1
If 4= { 2} ,show that 4> —54+71=0. Hence find 4™
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=N A(AA‘I)— 5I=-74"

= Al -51=-74"

= A" =2 (4-51)

=Y :%(51—/1)

A D]
o=t 3]

3 2
For the matrix 4= [1 J .find the number @ and b such that 4> +ad+bI=0.

302
A=
o
, [3 273 2] [9+2 6+2] [11 8
A: p—y —_
IoL[1 1] [3+1 2+1) |4 3

Now,
A*+ad+bl =0
= (AA) A" +adA™ +bIA" =0 [Post-multiplying by A 'as | 4| = o]

:>A(AA’1)+aI+b(IA’1):O
= Al +al +bA™"' =0
= A+al =-bA"

:>A‘1=%(A+a1)
Now,
1 =2 1 =2
A =iade=1 =
|4] -1 3] [-1 3

We have:
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—3-a 2
1 2 (|3 2 a 0 1|3+a 2 b b
= —— =+ = —— =
-1 3 b{|1 1 0 a bl 1 l+a 1 —l-a
b b
Comparing the corresponding elements of the two matrices, we have:
1 -1=b=
b
_3b_a 1= 3-a=a=-4

Hence, —4 and 1are the required values of a and b respectively.

1 1 1
For the matrix A=1 2 -3 |showthat 4’—64>+54+111 =0.Hence, A"
2 -1 3

I+1+2 1+2-1 1-3+3 4 2 1
=|1+2-6 1+4+3 1-6-9|=|-3 8 -14
2-1+6 2-2-3 2+3+49 7 -3 14
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4 2 111 1 1
A=A A=-3 8 -14]|1 2 -3

7 -3 142 -1 3
[ 44242 4+4-1 4-6+3
=|-3+8-28 -3+16+14 -3-24-42
| 7-3+28  7-6-14  7+9+42

8 7 1

=|-23 27 -69

132 -13 S8
LA =64 +54+111
8 7 1] 4 2 1 1 1 1 1 00
=|-23 27 -69|-6/-3 8 -—l14|+5/1 2 =3|+11/0 1 ©
132 -13 58 7 -3 14 2 -1 3 0 0 1
8 7 1 ]]24 12 6] 1[5 5 57|11 0 0

=|-23 27 -69|-|-18 48 -84 |+|5 10 -15|+/0 11 O
132 13 58| |42 -I18 84 2 =5 15 0 0 11

24 12 6 24 12 6
=|-18 48 -84|-|-18 48 -84
|42 -18 84| |42 -18 84

000
00 0=0
000
Thus,4> — 64> +5A4+111 =O.
Now,
A —64+54+11 =0.
= (A4A) A —6(A4) A" +5447 +11A" =0 | Post-multiplying by 4'as |4]#0 |

=N AA(AA")—6A(AA")+5(AA’1):—ll(IA")
= A —6A4+5[=-114"
=SS =—%(A2—6A+51) (D)

Now,
A*—6A4+51



Class XII — NCERT — Maths Chapter 4-Determinants

4 2 1 ] I 1 1 1 0 0
=-3 8§ -14|-6/1 2 -=3({+5/0 1 O
i -3 14 | 2 -1 3 0 0 1
[ 4 1][6 6 61 /[500
=|-3 -14|-1 6 12 -18|+|0 5 O
7 -3 14 ] |12 -6 18| |0 0 5
9 2 1|6 6 6]
=|-3 13 -14|-]6 12 -18
7 -3 19 ] [12 -6 18
(3 -4 -5
=-9 1 4
-5 3 1
From equation (1), we have:
3 4 -5 -3 4 5
A‘lz—l -9 1 4 :l 9 -1 -4
11 11
=5 3 1 5 3 -1
2 -1 1
If A=| -1 2 —1|verify that 4’ —6A4>+9A4—4I =0and hence find 4™
1 -1 2
2 -1 1
A=|-1 2 -1
1 -1 2

4+1+1 -2-2-1 2+1+2
=-2-2-1 1+4+1 -1-2-2
2+1+2 —-1-2-2 1+1+4
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6 -5 5
=|-5 6 -5
5 -5 6
6 -5 512 -1 1
A=A4=|-5 6 -5|-1 2 -1
5 5 611 -1 2
[ 1245+5 —6-10-5 6+5+10
=|-10-6-5 5+12+5 -5-6-10
104546 —5-10-6 5+5+12
(22 21 21
=|-21 22 -21
21 21 22
Now,
A —64+94—-41
22 21 21 6 -5 5 2 -1 1 [1 0 0
=|-21 22 -21|-6/-5 6 —5[+9|-1 2 -1|-4/0 1 0
21 21 22 5 -5 6 1 -1 2 10 0 1
22 21 21 36 =30 30 18 -9 9 4 0 0
=|-21 22 -21|-|-30 36 -30|+|-9 18 —-9|-|0 4 0
21 21 22 30 30 36 9 -9 18] |0 0 4
40 30 30 40 -30 30 0 00
=|-30 40 -30|-|-30 40 -30|=|/0 0 O
30 30 40 30 30 40 0 0 0
A =64 +94-41=0
Now,

A —64>+94—-41=0

= (A4A4) A7 —6( A4 )+9447 4147 =0 | Post-multiplying by 4'as [4]+0 |

- AA(AA-I)—6A(AA-1)+9(AA-1)= 4(1A-1)
= AAI —6AI +91 =44

= A —64+91=44"

1

S =Z(A2—6A+9I) (1)
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A*—6A4+91

(6 -5 5] 2 -1 1 0 0 0

=|-5 6 -5|-6/-1 2 —1[+9/0 0 0
5 -5 6 1 -1 2 00 0

6 -5 5] [12 -6 6 9 0 0
=-5 6 -5|—-|-6 12 —6|/+/0 9 0
5 -5 6 6 -6 12| |0 0 9

3 1 -1
=1 3 1
-11 3

From equation (1), we have:
3 1 -1

I 3 1
-1 1 3

A=t
4

Let A be nonsingular square matrix of order 3 x 3. Then |aa"jA| is equal to

A |4

2

B. |4|
C. |4
D. 3|4|
We know that,
4 0 0
(adjd)=A=|4|I=| 0 |4 0
0 0 |4
4 0 0

= |(adjid)4=| 0 |4] ©
0 0 |4
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100

=fadidld=|A0 1 0=|] (1)
00 1

- |adjd| =4[

Hence, the correct answer is B.

If Ais an invertible matrix of order 2, then det (A’1 ) is equal to

A. det(A4)
1
det(4)
C. 1
D. 0

B.

Solution 18:
1

|4

Since A4 is an invertible matrix, 4'exists and 4~ = — adjA.

b
As matrix Ais of order 2, let 4= {a d}'
c

d -b
Then, A|:ad —bc and ade:{ }
- a
Now,
d b
A |4
oL
2l < a
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det(A_l) = det(A)

Hence, the correct answer is B.

Exercise 4.6

Examine the consistency of the system of equations.
x+2y=2
2x+3y =3

Solution 1:

The given system of equations is:
x+2y=2

2x+3y =3

The given system of equations can be written in the form of 4AX = B, where

e ]

Now,
|4=1(3)-2(2)=3-4=-1=0
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.. Ais non-singular.
Therefore, A" exists.
Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
2x—y=5
x+y=4

The given system of equations is:
2x—y=5
x+y=4

The given system of equation can be written in the form of AX =B ,where

Ry Haat!
A= ,X=| l|and B=| |.
I 1 z 4
|4|=2(1)—(-1)(1)=2+1=3=0
.. Ais non-singular.

Therefore, A" exists.
Hence, the given system of equations is consistent.

Examine the consistency of the system of equations.
x+3y=5
2x+6y=8

The given system of equations is:
x+3y=5
2x+6y =8

The given system of equation can be written in the form of AX = B , where

e
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Now,
|4]=1(6)-3(2)=6-6=0

.. Ais a singular matrix.

(ade){fz —13}

R B el

Thus, the solution of the given system of equations does not exists, Hence, the given system of
equations is inconsistent.

Examine the consistency of the system of equations.
x+y+z=1

2x+3y+2z=2

ax+ay+2az=4

The given system of equations is:
x+y+z=1

2x+3y+2z=2

ax+ay+2az=4

The system of equation can be written in the form of 4X = B ,where

1 1 1 X 1
A=|2 3 2 |,X=|yl|land B=|2]|.
a a 2a z 4

Now,

|4 =1(6a—2a)—1(4a—2a)+1(2a—3a)
=4a-2a-a=4a-3a=a#0

.. A1s a non-singular matrix.

Therefore, 4™ exists.
Hence, the given system of equation is consistent.
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Examine the consistency of the system of equations.

3x—y—-2z=2
2y—z=-1
3x-5y=3

The given system of equation is:

3x—y—-2z=2

2y—z=-1

3x=5y=3

This system of equations can be written in the form of AX = B, where
3 -1 =2 X 2

A=|0 2 -1|,X=|y|and B=|-1
3 -5 0 z 3

Now,
|4]=3(-5)-0+3(1+4)=—15+15=0

.. A is a singular matrix.

Now,
-5 10 5
(ade)z -3 6 3
-6 12 6
-5 10 5| 2
.'.(ade)B: -3 6 3| -1
-6 12 6| 3

-10-10+15 -5
=| —-6-6+9 |=|-3|%0
-12-12+18 —6

Thus, the solution of the given system of equation does not exist. Hence, the system of equations
is inconsistent.
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Examine the consistency of the system of equations.
Sx—y+4z=5

2x+3y+5z=2
Sx-2y+6z=-1

The given system of equation is:
S5x—y+4z=5

2x+3y+5z=2
Sx=2y+6z=-1

The system of equation can be written in the form of AX = B ,where

5 -1 4 X 5
A=|2 3 5|,X|yl|and B=| 2
3 2 6 z -1

Now,
|4]=5(18+10)+1(12—25)+4(—4-15)
:5(28)+1(—13)+4(—19)
=140-13-76

=51#0

.. Ais non-singular.

Therefore, A" exists.

Hence, the given system of equations is consistent.

Solve system of linear equations, using matrix method.

Sx+2y=4
Tx+3y=35

The given system of equation can be written in the form of AX = B, where
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i o

Now |4|=15-14=1#0

Thus, A is non-singular. Therefore, its inverse exists.
Now,

1

A

PINE
a2 2]
=)\ s3]

Hence, x=2and y=-3.

A7 = (adjA)

Solve system of linear equations, using matrix method.
2x—y=-2
3x+4y=3

The given system of equation can be written in the form of AX = B ,where

2 -1 X -2
A= , X = and B = .
[3 4} L’} { 3 }
Now,

Now |4|=8+3=11#0

Thus, 4 is non-singular. Therefore, its inverse exists.
Now,
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1 114 1
A= (adjd)=—
|A|(aj) 11{—3 2

L1412
X=A4"'B=—
11]-3 2| 3
5

x| 1[-8+3] 1[-5] | 11
= = = — =
y] 1l 6+6 ] 11]12] | 12
11
12

-5
Hence, x=—and y=—.
1 11

Solve system of linear equations, using matrix method.
4x-3y=3
3x-5y=7

The given system of equation can be written in the form of AX = B ,where

4 -3 X 3
A= ,X=| |and B=

[3 —5} u M
Now,

|4]=-20+9=-11=0

Thus, A is non-singular. Therefore, its inverse exists.
Now,

1 1[-5 3] 1[5 -3
A" = (adjd)=-— -
|A|(‘”) 11{—3 4} 11{3 4}

L[5 33
S X=A'B=—
1113 4|7
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1| -6
11 -19
_s
_| 11
_19
11
Hence, x:_—6and yz_—19
11 11

Solve system of linear equations, using matrix method.

Sx+2y=3
3x+2y=5

The given system of equation can be written in the form of AX = B ,where

5 2 X 3
A= , X and B = .

{3 2} u M
Now,

|4|=10-6=4=0

Thus A4 is non-singular, Therefore, its inverse exists.
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Solve system of linear equations, using matrix method.
2x+y+z=1

3
xX=2y—z=—
TETS

3y-5z=9

The given system of equation can be written in the form of AX = B ,where
1

2 1 1 X
A=|1 -2 -1 ,X=yandB=%.
0 3 -5 z 9

Now,

|4|=2(10+3)—-1(-5-3)+0=2(13)—1(-8) =26+8=34=0
Thus A4 is non-singular. Therefore, its inverse exists.

Now,

A,=13,4,=54,=3
A4, =8,4,=-10,4,, =—6
4, =14, =3,4,=-5

1 MR
A = (adid)=—| 5 -10 3
|A|( )=,
3 -16 -5
3 08 1!
Lo 3
SX=A'B=—|5 -10 3|3
36 sl
X . 13+12+9
|y |=—|5-15+27

z 3-9-45
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1
N TN
2

3
| 2]

Hence, x =1, y:E,and z=—§.

Solve system of linear equations, using matrix method.
x—y+z=4

2x+y—-3z=0
X+y+z=2

The given system of equation can be written in the form of AX = B ,where

I -1 1 X 4
A=2 1 3,X=|yland B=|0].

I 1 1 z 2
Now,

|4 =1(1+3)+1(2+3)+1(2-1)=4+5+1=10=0

Thus A4 is non-singular. Therefore, its inverse exists.
Now,
A, =4,4,=-54,=1

4,=2,4,=0,4,, =-2
Ay =2,4, =545, =3
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16+0+4
:i -20+0+10
10
4+0+6
20
1

=—|-10
10

N o=

Hence, x=2, y=—1land z=1.

Solve system of linear equations, using matrix method.
2x+3y+3z=5

x=2y+z=-4
3x—-y—-2z=3

The given system of equation can be written in the form of AX =B
|4 =2(4+1)-3(2-3)+3(-1+6)

=2(5)-3(-5)+3(5)

=10+15+15=40%0

Thus, 4 is non-singular. Therefore, its inverse exists.
Now,
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4, =5,4,=54;=5
A, =3,4,=-13,4,;=11
Ay =9, 4, =1, 45 =7

. 15 3 9
A= (adjd)=—|5 -13 1
14 94)= 55
5 11 -7
15 3 91s
S X=A"'B=—|5 -13 1 |4
40
5 11 -7 3
x 125—12+27
=>|y|=—| 25+52+3
z 25-44-21
| 40
=—| 80
40
—40
1
=2

Hence, x=1,y=2and z=-1.

Solve system of linear equations, using matrix method.
xX—y+2z=7

3x+4y—-5z=-5

2x—y+3z=12

The given system of equation can be written in the form of AX = B ,where

1 -1 2 X 7
A=|3 4 -5|,X=|yl|and B=|-5|.
2 -1 3 z 12

Now,



Class XII — NCERT — Maths Chapter 4-Determinants

|4]=1(12-5)+1(9+10)+2(-3-8) =7+19-22=4=0
Thus, 4 is non-singular. Therefore, its inverse exists.
Now,

A,=7,4,=-19,4,=11

4, =14,=-1,4,=-1

A, =-3,4,=11,4,=7

| 7 13
.'.A‘1=|A|(ade)=Z -19 -1 11
-11 -1 7

J7 o3

.-.X:A“B:Z -19 -1 11}|-5
11 -1 7|12

X | 49-5-36
=y :Z —133+5+132
z —77+5+84
8 2
_1 4 =1
4
12 3

Hence, x=2, y=1and z=3.

2 -3 5
If A=|3 2 -4/, find 4" Using 4" solve the system of equations
1 1 =2

2x-3y+5z=11
3x+2y—4z=-5

xX+y—-2z=-3
2 -3 5

A=3 2 4
1 1 2

S AE2(4+4)+3(-6+4)+53-2)=0-6+5=—-1+#0
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Now, 4, =0, 4,=2, 4, =1

Ay =—1,4,=-9,4,=-5

Ay =2, Ay, =23, A, =13

0 -1 2] [0 1 =2

.-.Alzﬁ(ade):— 2 -9 23|=|-2 9 -23 (D
1 =5 13] |-1 5 -I3

Now, the given system of equations can be written in the form of 4X = B, where

2 3 5 X 11
A=|3 2 4|, X=|ylandB=|-5
1 1 =2 z -3

The solution of the system of equations is given by X = A™'B
x 0 1 2]
yi=|-2 9 23| -5| [Using(1)]
z -1 5 -13||-3

0-5+6 1
=|-22-45+69 |=|2
—11-25+39 3

Hence, x=1, y=2,and z =3

The cost of 4 Kg onion, 3kg wheat and 2kg rice is Rs 60. The cost of 2 kg onion, 4 kg wheat
and 6kg rice is Rs 90. The cost of 6 kg onion 2 kg wheat and 3 kg rice is Rs 70.

Find cost of each item per kg by matrix method

Let the cost of onions, wheat and rice per kg be Rs X, Rs Y and Rs Zrespectively.

Then, the given situation can be represented by a system of equations as:

4x+3y+2z=60
2x+4y+62z=90
6x+2y+3z=70
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This system of equations can be written in the form of AX = B , where

4 3 2 X 60
A=|2 4 6|,X|y|and B=|90 |.
6 2 3 z 70

|4|=4(12-12)-3(6—36)+2(4—-24)=0+90—-40=50=0
Now,

A, =0, 4, =30,4, =—20
Ay ==5,4,,=0,4,, =10
A, =10, 4;, =20, 4y, =10

0 -5 10
sadiA=] 30 0 =20
-20 10 10
| | 0 -5 10
A= ladid=—| 30 0 20
|4 0
-20 10 10
Now,
X=A4"'B
0 -5 10 ][60]
:X:i 30 0 =201 90
50

| 0-450+700
=y =—0 1800+ 0-1400
z —1200+900+ 700 |

| [250
= —| 400

50
400
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Il
o0 O W

sx=5,y=8and z=8

Hence, the cost of onions is Rs5per kg, the cost of wheat is Rs8per kg, and the cost of rice is
Rs8per kg.

Miscellaneous Exercise

X sinfd cosd
Prove that the determinant |-sind —x 1 |is independent of 4.
cos@ 1 X

Solution 1:
b sinf cos6

A=|-sinf —x 1
cosd 1 X
= x(x2 —1)—sin9(—xsin9—cos )+ cos O (—sin @+ xcos )
=x* —x+xsin? @+sin & cos @ —sin @ cos @+ x cos> &
=x —erx(sin2 6+ cos’ 6’)
=X —X+Xx
=x"  (Independent of 6)
Hence, Ais independent of 6.

Without expanding the determinant, prove that
a a bel | @& &
b b* ca|l=|l b* b

2 2
c ¢ abl I & &

Solution 2:
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a a* bc

LHS.=b b* ca

c ¢ ab

. a’ @ abc

=—\p* b abc
abc| ,

¢ ¢ abc

a a1

:%.abc b b1

ane |
a a1
=p* b 1
|
1 & 4
=1 » P
1 &

=R.H.S.

Hence, the given result is proved.

cosacos S cosacsinfS —sina
—sin cos f 0

sinacosf  sinasinf

Evaluate

cosox

cosacos S cosacsinff —sina
—sin 8 cos f 0

sinacosf sinasinf

A=
cos o

Expanding along C;, we have:

Chapter 4-Determinants

[R —>aR,R, - bR,,andR, —>cR, |

[Taking out factor abc from C3]

[Applying C, <> Ciand C, <> C;]

A= —sina(—sinozsin2 [ +cos’ ﬂsina)+cosa(cosa0032 [ +cosasin’ ,B)

=sin’ Ot(sin2 [ +cos’ ,B)+ cos’ oz(cos2 [ +sin’ ﬂ)

=sin” a(1)+cos” a(1)
=1
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b+c c+a a+b
If a,band c are real numbers, and A=|c+a a+b b+c|=0
a+b b+c c+a

Show that either a+b+c=00r a=b=c.

b+c c+a a+b
A=lc+a a+b b+c|=0
a+b b+c c+a

Applying R, > R, + R, + R, , we have:
2(a+b+c) 2(a+b+c) 2(a+b+c)

A= c+a a+b b+c
a+b b+c c+a
1 1 1

=2(a+b+c)lc+a a+b b+c
a+b b+c c+a
Applying C, - C, —C,and C, — C, —C,, we have:
1 0 0
A=2(a+b+c)c+a b-—c b-a
a+b c—a c-b
Expanding along R,, we have:
A= 2(a+b+c)(l)[(b—c)(c—b)—(b—a)(c—a)]
:2(a+b+cn}b2—cz+2bc—bc+ba+ac—a2]
=2(a+b+cﬂﬁb+bc+ca—a2—by—ﬁ]
It is given that A =0.
(a+b+cnﬁb+bc+ca—a2—b?—&}zo

= Either a+b+c=0,0or ab+bc+ca—a’*—b>—c* =0.
Now,

ab+bc+ca—a*—b* —c* =0
— 2ab—2bc—2ca+2a’ +2b° +2¢° =0
:>(a—b)2 +(b—c)2 +(c—01)2 =0
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= (a-b) =(b—c)2 =(c—a)2 =0 [(a—b)2 ,(b—c)2 ,(c—a)2 are non-negative}
:>(a—b)=(b—c)=(c—a):O

=a=b=c
Hence, if A=0, then either a+b+c=00r a=b=c.

xX+a X X

Solve the equations | x x+a x |[=0,a#0

X X xX+a

xX+a x X
x x+a x |=0

X X x+a

Applying R, &> R, +R, + R, , we get:
3x+a 3x+a 3x+a

X xX+a x |=0

X X X+a

1 1 1

:>(3x+a)x x+a x [=0
X X Xx+a

Applying C, - C, —-C,and C;, = C, - C,, we have:
1 11

:>(3x+a)x a x|=0
X x a

Expanding along R,, we have:
(3x+a)[lxa2] =0

=a’ (3x + a) =0

But a#0.

Therefore, we have:
3x+a=0
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a
=>Xx=——
3

a’ bc ac+c’
Prove that |a” + ab b’ ac |=4a’b*c?

ab b* +bc c*
Solution 6:

a’ bc ac+c’

A=\|a*+ab b* ac

ab b* +bc c?

Taking out common factors a,band c from C,,C, ,and C,, we have:

a c a+c
A=abcla+b b a
b b+c c

Applying R, > R, —Rand R, - R, — R, , we have:

a c a+c
A=abc| b b—c —c
b—a b —a

Applying R, > R, + R, we have:
a ¢ a+c
A=abcla+b b a

b-a b -a

Applying R, = R, + R,, we have:
a c a+c

A=abcla+b b a
2b  2b 0

a c a+c
=2ab*cla+b b a
1 1 0
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Applying C, = C, —C,, we have:
a c¢c—a a+c
A=2ab’cla+b -a a
1 0 0
Expanding along R,, we have:
A= 2abzc[a(c—a)+a(a +c)}
=2ab’c [ac —a’+a’ + ac]
=2ab’c (2ac)
=4a’b’c’

Hence, the given result is proved.

1 -2 1
Let A=|-2 3 1 |verify that
1 1 5

(@) [adid]" =adj(4™")

(i) (47) =4
12 1
A=|2 3 1
I 5

|4 =1(15-1)+2(-10-1)+1(-2-3)=14-22-5=—13

A, =14,4,=11,4,=-5
Now, 4, =11,4,,=4,4,;, =-3
Ay =54, =-3,4,=-1
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14 11 -5
sadid=[11 4 =3
-5 -3 -1
1
A7 == (adjA)
Z
14 11 -5 ~14 -11 5

R TR | LS IR
13
-5 -3 -1 5 3 1

(@
|adjd|=14(-4-9)-11(-11-15)-5(-33+20)

=14(-13)-11(-26)-5(-13)
=—182+286+65=169

We have,
-13 26 -13
adj(ade): 26 -39 -13
-13 -13 -65
- 1
diAd| = dj(adjA
[a‘]] |ade|(a](a] ))
-13 26 -13
:L 26 -39 -13
169
-13 -13 65
-1 2 -1
=i 2 -3 -1
13
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14 1S

14 —~11 5 13 13 13

Now, A-‘:i 11 -4 3|= 43
3 5 3 3 13 13

> 31

13 13 3

4 9 (1L By 33 20
169 169 169 169 169 169

ad(47)= _(_1_1_5J (1425 _(_£+£)
169 169) 169 169 169 169
R
169" 169 169" 169

169 169
[ -3 T2
=—|26 -39 -13|=—|2 -3 -l
169 13
~13 -13 —65 -1 -1 =5

Hence, [aa’jA]f1 = aa’j(A’1 )

(ii) We have shown that:

~14 -11 5
A=t a3
5 3 1

-1 2 -l

And ade_':% 2 3 -1

-1 -1 -5

Now,
7| = (%f [—14x(-13)+11x(26)+5x(-13)]

=(%j3x(-169)=—%
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'(A‘l)=acﬁA_l= L 1 _21 —23 j
B \A-‘\ 1) 13

—B -1 -1 -5

(1 2 1

=2 3 1|=4

11 5
(47) =4

X y x4y

Evaluate | y x+y x
xX+y X y

Solution 8:

X Yy  x+y

A=y x+y Xx

x+y x y

Applying R, - R, + R, + R, , we have:
2(x+y) 2(x+y) 2(x+y)
A= y x+y by

x+y X v
1 1 1
=2(x+y) y  x+y Xx
x+y x y
Applying C, - C, -C, and C, — C, —C,, we have:
1 0 0
A=2(x+y) b% X Xx-y
xX+y -y —x

Expanding along R,, we have:
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I x y
Evaluate I x+y y
I x x+y

Solution 9:

I x y

A=l x+y y

I x x+y

Applying R, > R, —Rand R, > R, — R,, we have:
I x y

A=l0 y 0

0 0 x

Expanding along C,, we have:
A= l(xy - O) =Xy

Using properties of determinants, prove that:

a o> PB+y

g B rral=(f-r)(r-a)(a-p)(a+p+y)
y v oa+p

Solution 10:
a o> B+y
A= B y+a
y 7 oa+p
Applying R, > R, —R,and R, —> R, —R,, we have:
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a a’ L+
A=|f-a p-a a-p
y—a yi-a’ a-y

2

a «a B+y
=(f-a)(y-a)|]l P+a -1
1 y+a -1
Applying R, = R, — R,, we have:
a o P+y
A=(B-a)(y-a)|l p+a -1
0 y-p 0
Expanding along R,, we have:
A=(B-a)(r-a)-(r-p)(-a-p-7)]
=(B-a)(r-a)(r-B)a+p+y)
=(a=p)(B-7)(r-a)(a+p+y)

Hence, the given result is proved.

Using properties of determinants, prove that:
x x° 1+px’
y y2 1+py3 :(1+pxyz)(x—y)(y—z)(z—x)

z z° l+pz°

1+ px’
A=y y* l+py
z 20 1+p2
Applying R, > R, —Rand R, - R, — R, , we have:

x x’ 1+ px’
A=ly—x yz_xz p(y3—x3)

2 2 3 3
zZz—X ZzZ —X p(Z —.X)



Class XII — NCERT — Maths Chapter 4-Determinants

x X 1+ px’

:(y—x)(z—x)l y+x p(y2+x2+xy)
I z+x p(zz+x2+xz)
Applying R, = R, — R,, we have:
x X 1+ px’
A:(y—x)(z—x)l y+x p(y2+x2+xy)
0 z—y p(z—y)(x+y+z)
x X 1+ px°
=(y-x)(z=x)(z-y)|l y+x p(y2+x2+xy)
0 1 p(x+y+z)
Expanding along R,, we have:
A:(x—y)(y—z)(z—x)[(—l)(p)(xy2+x3+x2y)
+l+px3+p(x+y+z)(xy)]
=(x=y)(y-z)(z—x)[-pxy* = px’ - px’y
+1+ px’ + px’y+ pxy” + pxyz]
=(x=y)(y=2)(z=x)(1+ puz)
Hence, the given result is proved.

Using properties of determinants, prove that:
3a —a+b —-a+c
-b+a 3b -b+c =3(a+b+c)(ab+ba+ca)
—-c+a —c+b 3¢

3a -a+b -a+c
A=|-b+a 3b -b+c
—c+a -c+b 3¢

Applying C, - C, +C, + C,. We have:
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a+b+c —-a+b -—-a+c
A=la+b+c 3b —b+c
a+b+c —c+b 3c
1 —a+b —-a+c
:(a+b+c)1 3b  -b+c
1 —c+b 3c
Applying R, > R, —Rand R, — R, — R, ,we have:
1 —a+b -a+c
A:(a+b+c)0 2b+a a-b
0 a-c 2c+a
Expanding along C,, we have:
A:(a+b+c)[(2b+a)(2c+a)—(a—b)(a—c)]
=(a+b+c)[4bc+2ab+2ac+a2—a2+ac+ba—bc]

=(a+b+c)(3ab+3bc+3ac)
:3(a+b+c)(ab+bc+ca)

Hence, the given result is proved.

Using properties of determinants, prove this:
I 1+p l+p+gq
2 3+2p 4+3p+2q|=1
3 6+3p 10+6p+3¢g

I 1+p I+p+gq

A=12 3+2p 443p+2¢q

3 6+3p 10+6p+3¢g

Applying R, > R, —2R and R, > R, —3R,, we have:
Il I+p l+p+g

A=10 1 2+p

0 3 7+3p
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Applying R, = R, —3R,, we have:
1 1+p l+p+g
A=|0 1 2+p

0 0 1
Expanding along C,, we have:
1 2+
A=1 Plo1(1-0)=1
0 1

Using properties of determinants, prove that:
sina  cosa  cos(a+6)

sinfi cos B cos(f+65)=0

siny cosy cos(y+96)

sinad cosa cos(a+5)
A=|sinf cosf cos(f+5)
siny cosy cos(y+9)

sinasind cosacosd cosa coso —sinasino
sin fsind cos fcosd  cos ffcosd —sin fsind

sinysind CcosSycosd COSyCcosd —sin ysind

sinod cos o

Applying C, - +C, + C,, we have:
. COSCOSO COSQCOSO COSaCcosd —sinasind
A=————|cosffcosd cosfcosd cosfcosd —sin fsind

sin o cos o . .
COSYCOSO COSYCOSO COSyCoso—sinysind

Here, two columns C, and C, are identical.
S~A=0

Hence, the given result is proved.
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Solve the system of the following equations
X y z
+§:1

+ =2

4 6
X vy z
6 9 20
xy z

Let 1 = p,lq,l =r.
X v oz
Then the given system of equations is as follows:
2p+3q+10r=4
4p—-6g+5r=1
6p+9qg+20r=2

This system can be written in the form of 4X = B, where

2 3 10 p 4
A=|4 -6 5 |[,X=|qg|and B=|1|.
6 9 20 r 2
Now,
|4|=2(120—45)—3(-80—30)+10(36+36)
=150+330+720
=1200

Thus, A is non-singular. Therefore, its inverse exists.
Now,

A, =754, =110,4, =72
4y, =150, 4,, =100, A,, = 0
Ay, =75, 4, =30, A, =—24

1
A7 = (adjd)
|4
75 150 75
:L 110 -100 30
1200
72 0 -24

Now,
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X=A4"'B
p | 75 150 75 [4
=|q|=——110 —-100 30 |1
1200
r 720 242

[300+150+150
=—| 440-100+60
288+0—48

1600
=——|400 |=
240

—
[\
S
S

W= W= N

1 1 1
—,g=—,and r=—
2173 5
Hence, x=2,y=3andz=35.

Lp=

Choose the correct answer.

If a,b,c,are in A.P ., then the determinant
x+2 x+3 x+2a

x+3 x+4 x+2b

x+4 x+5 x+2c

A0

B.1

C.x
D. 2x

Answer: A
x+2 x+3 x+2a
A=|x+3 x+4 x+2b
x+4 x+5 x+2c
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x+2 x+3 x+2a

=|x+3 x+4 x+(a+c) (2b=a+c as a,b,andc are in A.P)
x+4 x+5 x+2c

Applying R, > R —R,and R, - R, —R,, we have:

-1 -1 a-c

A=|x+3 x+4 x+(a+c)

1 1 c—a

Applying R, = R, + R, , we have:

0 0 0

A=|x+3 x+4 x+a+c

1 1 c—a

Here, all the elements of the first row (R1) are zero.
Hence, we have A = 0.
The correct answer is A.

Choose the correct answer.

x 0 0
If X,Y,Z are non-zero real numbers, then the inverse of matrix A=|0 y 0] is
0 0 z
x' 0 0 x' 0 0
AlO0O y' o0 B.xyz| 0 y' 0
0 0o =z 0 0o =z
x 0 0 1 00
C 1 0 y D.L 010
Yo 0 P50 0 1
x 0 0
A=|0 y O
0 0 z

|A| =x(yz—0):)gzz;t0

Now,
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A4, =yz,4,=0,4;=0
4,=0,4,, =xz,4,, =0
A4, =0,4;, =0, 45 =xy

vz 0 O

sadiA=| 0 xz O
0 0 xy

A7 = ﬁ(adj/l)
yz 0 0]

:L 0 xz O
0 0 xy

(=)
o

1

z

S = |~

The correct answer is A4 .

Choose the correct answer.
1 sin @ 1
Let A=| —sinf 1 sin@ |, where x <0 <2m, then
-1 —sinf 1
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D, Det(4)e[2,4]

1 sin & 1
A=|—-sinf 1 sin @
-1 —sin @ 1

|A| = 1(1+sin2 49)—sin6’(—si116’+sin¢9)+1(sin2 6’+1)
=1+sin’ @+sin’ O+1

=2+2sin’ 0

= 2(1+sin2 9)

Now, 0<60<L2x

= 0<sinb<1
= 0<sin’0<1
=1<1+sin’H<2

=2<2(1+sin’0)< 4

. Det(A) €[2,4]

Hence, the correct answer is D.
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