Class X1l - NCERT — Maths Chapter-06 - Application of Derivatives

Exercise 6.1

Find the rate of change to the area of a circle with respect to its radius r when
(@) r=3cm (b) r=4cm

Solution 1:
The area of a circle (A) with radius (r) is given by,

A=rzr?

Now, the area of the circle is changing of the area with respect to its radius is given by,
dA :i(m’z) =2xr
dr dr

1. When r =3 cm,

%\ = 272'(3) =6

Hence, the area of the circle is changing at the rate of 61 cm when its radius is 3 cm.
2. When r =4cm,

9A_ 21(4) =8n
dr

Hence, the area of the circle is changing at the rate of 8% cm when its radius is 4cm.

The volume of a cube is increasing at the rate of 8 cm®/s. How fast is the surface area increasing
when the length of an edge is 12 cm?

Solution 2:
Let Xbe the length of a side, V be the volume, and S be the surface area of the cube.

Then, V =x® and S =6x* when X is a function of time t.
It is given that % =8cm®/s

Then, by using the chain rule, we have:
gV =(x°) :g(x)% _ae. X
dt X dt dt
dx 8

ds d d dx )
Now, = — = — (6x%) = — (6x%) - — By chain rule
=t a0 5 ) & [By |

:12x.% = 12x.(i2j = 2
dt 3x X

Thus, when x=12cm, d—S:gcmzlszgcmzls.
dt 12 3
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Hence, if the length of the edge of the cube is 12cm, then the surface area is increasing

at the rate of % cm?/s.

The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which the
area of the circle is increasing when the radius is 10 cm.

Solution 3:
The area of a circle (A) with radius (r) is given by,
A=rr?

Now, the rate of change of area (A) with respect to time (t) is given by,
oA _ g(ﬂ'l’z).ﬂ o & [By chain rule]
d d dx dt

It is given that,

ar =3cm/s

dt

9A _ 271 (3) =67r

dt

Thus, when r =10cm,

dA

G 677(10) =607z cm*/s
Hence, the rate at which the area of the circle is increasing when the radius is 10 cm is
607z cm?/s.

An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume of the cube
increasing when the edge is 10 cm long?

Solution 4:

Let X be the length of a side and V be the volume of the cube. Then,

V=x

d—V :3x2.%
dt dt

It is given that,

o =3cm/s

dt

dv
= =3x%(3) =9
=X (3)=9x

(by chain rule)

Then, when x=10cm,
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‘2—\: =9(10)" =900cm® /s

Hence, the volume of the cube is increasing at the rate of 900 cm®/s when the edge is 10 cm
long.

A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the
instant when the radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Solution 5:

The area of a circle (A) with radius (r) is given by

A= 7xr?

Therefore, the rate of change of area ( A) with respect to time (t) is given by,
dA d, , d, ,\dr dr .

So—=—|ar)=—|(nr°)—=27r— by chain rule
L Gl e Gl e (by )

It is given that % =5cm/s

Thus, when r =8cm,

‘Z_f _ 27(8)(5) =807

Hence, when the radius of the circular wave is 8cm, the enclosed area is increasing at the rate
of 80z cm?/s.

The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its
circumference?

Solution 6:

The circumference of a circle (C)with radius (r)is given by

C=2nr.

Therefore, the rate of change of circumference (C) with respect to time (t) is given by,

dC dC dr

dt dr dt
d dr

=—(27zr)a

(by chain rule)

It is given that % =0.7cm/s

Hence, the rate of increase of the circumference is
272(0.7) =1.47 cm/s
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The length X of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing
at the rate of 4 cm/minute. When x=8cm and y=6cm, find the rates of change of (a) the

perimeter, and (b) the area of the rectangle.

Solution 7:
Since the length (x) is decreasing at the rate of 5cm/minute and the width () is increasing

at the rate of 4cm/ minute, we have:

ﬂ =-5cm/ min and
dy
ﬂ:4cm/min

(a) The perimeter (P) of a rectangle is given by,

P=2(x+Y)
d—P: (%+%)=2(—5+4)=—2 cm/min
dt dt dt

Hence, the perimeter is decreasing at the rate of 2 cm/min,
(b) The area (A) of arectangle is given by,

A=xxYy
OI—A:%.y+x.ﬂ:—5y+4x
dt dt dt

When x=8 cm and y =6 cm, ?j—f‘=(—5x6+4><8)cm2/min =2 cm?/min

Hence, the area of the rectangle is increasing at the rate of 2cm?/min .
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A balloon, which always remains spherical on inflation, is being inflated by pumping in 900
cubic centimeters of gas per second. Find the rate at which the radius of the balloon increases
when the radius is 15 cm.

Solution 8:
The volume of a sphere (V) with radius (r) is given by,

\Y :ﬂm’3
3

. Rate of change of volume (V') with respect to time (t) is given by,

v _dv dr
dt  dr dt

d(4 3] dr
=—|—znr’|.—
dr{3 dt

It is given that

v =900cm*®/S
dt

(by chain rule)

-.900=47r2. 2"
dt
dr 900 225
:> —_ [
dt  4zr? zr?
Therefore, when radius = 15 cm,
dr 225 1

dt 7157 7

Hence, the rate at which the radius of the balloon increases when the radius is 15 cm is i cm/s
T

A balloon, which always remains spherical has a variable radius. Find the rate at which its
volume is increasing with the radius when the later is 10 cm.

Solution 9:

The volume of a sphere (v) with radius (r) is given by v :%zrz

Rate of change of volume (v) with respect to its radius (r) IS given by,
dv _d (EM’BJ = ﬂ7r(3r2) = 471?
3

dr  dr\3
Therefore, when radius = 10 cm,
dv

=~ =47(10)" = 4007
dr
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Hence, the volume of the balloon is increasing at the rate of 4007z cm®/s.

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground,
away from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the
foot of the ladder is 4 m away from the wall?

Solution 10:
Let y m be the height of the wall at which the ladder touches. Also, let the foot of the ladder be

X maway from the wall.
Then, by Pythagoras Theorem, we have:

X*+y* =25 (Length of the ladder =5 m)

=y =v25-%
Then, the rate of change of height () with respect to time (t) is given by,
dy — —x  dx

dt V25— x° dt

It is given that % =2cm/s

Jdy . —2x
Cdt J25-%

Now, when x=4m, we have:
dy —2x4 _8

dt J542 3

Hence, the height of the ladder on the wall is decreasing at the rate of % cm/s.

A particle moving along the curve 6y =x®+2, Find the points on the curve at which the y
coordinate is changing 8 times as fast as the x-coordinate.

Solution 11:
The equation of the curve is given as:

6y =x"+2
The rate of change of the position of the particle with respect to time (t) , IS given by,

6 _32 ¥ g
dt dt

dy _ 0
dt dt
When the y-coordinate of the particle changes 8 times as fast as the

=2
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x-coordinate i.e., ( dy

t
2(8 %j:xz ax

dt dt
=16 %:xz o

dt dt
:(x2—16)%=0
dt

=x*=16
= X=14

When, Xx=4,y=
y 6

When,

X=—-4,y= 5

4£+2 66

(—4)%2_@_3_1

Chapter-06 - Application of Derivatives

=8 %J , Wwe have:
dt

11

Hence, the points required on the curve are (4,11)and (—4, _?31}

The radius of an air bubble is increasing at the rate of % cm/s. At what rate is the volume of the

bubbles of the bubble increasing when the radius is 1 cm?

Solution 12:

The air bubble is in the shape of a sphere.

Now, the volume of an air bubble (V') with radius (r) is given by, v :gzrz

The rate of change of volume (V') , with respect to time (t)is given by,

Y2 d )&

d 3 dr dt
4 dr

=§ﬂ(3r2)a.
, dr

=4rr°—
dt

(By chain rule)

It is given that dr :lcm/s
dt 2

Therefore, when r =1 cm,

v _ 47;(1)2 (lj =27 cm’/s
dt 2

Hence, the rate at which the volume of the bubble increases in 2z cm®/s.
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A balloon, which always remains spherical, has a variable diameter g(ZX +1). Find the rate of

change of its volume with respect to X.

Solution 13:
The volume of a sphere (V) with radius (r) is given by,

\Y :ﬂﬂ'l’z
3

Diameter = g(ZX +1)

3
r=—(2x+1
4 2+
3
\Y =ﬂ7z'r3 =ﬂ7r(§ (2X+l)) =37z(2x+1)3
3 3 \4 16

Hence, the rate of change of volume with respect to X is as

dv._ 9 27
916 dt(2X+1) ——7Z'X3(2X+1) x2—§7r(2x+1)

Sand is pouring from a pipe at the rate of 12cm®/s. The falling sand forms a cone on the ground

in such a way that the height of the cone is always one-sixth of the radius of the base. How fast
is the height of the sand cone increasing when the height is 4 cm?

Solution 14:
The volume of a cone (V') with radius (r) and height (h) is given by.

V zlm’zh
3
It is given that,
h :lr = r=6h
6

;V==%n(&n2h=12ﬁw

The rate of change of volume with respect to time (t) is given by,
dv d dh
hakl —(h3) =

=12x .
dt dh dt

=127 (3h )2?

(By chain rule)

=367h? %
dt

It is also given that dd_\t/ =12cm?/s
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Therefore, when h=4cm, we have:
12=367(4y I
dt
dh 12 1
- — = =
dt 36« (16) 487

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate of % cmis.
7T

The total cost C(x) in Rupees associated with the production of X units of an item is given by

C(x)=0.007x* —0.003x* +15x +4000
Find the marginal cost when 17 units are produced.

Solution 15:
Marginal cost is the rate of change of total cost with respect to output.

. Marginal cost (MC) = z—i =0.007(3x*)—0.003(2x) +15

=0.021x* —0.006x +15
When x=17, MC =0.021(17”)-0.006(17)+15
=0.021(289)-0.006(17)+15

=6.069-0.102+15

=20.967
Hence, when 17 units are produced, the marginal cost is Rs. 20.967.

The total revenue in Rupees received from the sale of X units of a product is given by
R(x)=13x*+26x+15
Find the marginal revenue when x=7.

Solution 16:
Marginal revenue is the rate of change of total revenue with respect to the number of units sold.

. Marginal Revenue (MR) = (3_3 =13(2x)+26 =26x+26

When x=7,
MR =26(7)+26 =182+ 26 = 208
Hence, the required marginal revenue is Rs. 208.

The rate of change of the area of a circle with respect to its radius r at r=6 cm is
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(A) 107 (B) 127 (C) 8z (D) 11x

Solution 17:
The area of a circle (A) with radius (r) is given by,

A= 7r?
Therefore, the rate of change of the area with respect to its radius r is
A :i(ﬂ'rz) =27r

dt dr

.. When r=6 cm,

dA

— =27x6=127 cm?/s
dr

Hence, the required rate of change of the area of a circle is 127 cm® /s
The correct answer is B.

The total revenue in Rupees received from the sale of Xunits of a product is given by
R(x)=3x*+36x+5. The marginal revenue, when x=15 is

(A) 116 (B) 96 (C) 90 (D) 126

Solution 18:
Marginal revenue is the rate of change of total revenue with respect to the number of units sold.

.. Marginal Revenue (MR)=Z—§=3(2X)+36:6x+36

.. When x =15,
MR=6(15)+36=90+36=126

Hence, the required marginal revenue is Rs. 126
The correct answer is D.

Exercise 6.2

Show, that the function given by f (x) =3x+17 is strictly increasing on R.

Solution 1:

Let X, and X,, be any two numbers in R.

X <X, = 3% <3X, = 3% +17<3x%, +17=f (x,) < f(x,)
Hence, f is strictly increasing on R.

Alternate Method:
f’(x) =3 >0, inevery interval, on R.
Thus, the function is strictly increasing on R.
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Show that the function given by f (x)=e®* is strictly increasing on R.

Solution 2:
Let x, and x, be any two numbers in R.
Then, we have:

X <X, = 2% <2X, =€

2%

<€ = f(x)< f(x,)
Hence, f is strictly increasing on R.

Show that the function given by f (x)=sinx is

(A) Strictly increasing in [0%)

(B) Strictly decreasing (%ﬂ'j

(C) Neither increasing nor decreasing in (O,n)

Solution 3:
The given function is f (x) =sin x

- f (x)=cosx

(A) Since for each XE(O,%), cosx >0, we have f (x)>0.
Hence, f is strictly increasing in [Ogj
(B) Since for each XE[%,EJ, cosx <0, we have f (x)<0.

Hence, f is strictly increasing in (%ﬂ'j

(C) From the results obtained in (A) and (B) it is clear that f is neither increasing nor decreasing
in (0,n).

Find the intervals in which the function f givenby f (x)=2x*—-3x is
(A) Strictly increasing (B) strictly decreasing

Solution 4:
The given function is f (x)=2x*—3x.
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f'(x)=4x-3

: 3
S (X)=0=x==

(x) .

.3 L . . 3 3

Now, the pomtZ divides the real line into two disjoint intervals i.e., —oo,Z and Z,oo .
—o0 oo
-+ '

I

|

3

4
. 3 :

In interval (_w’Zj’ f'(x)=4x-3<0.

Hence, the given function () is strictly decreasing in interval (—oo, %j
. 3 :

In interval (Z,OO)’ f'(x)=4x-3>0.

Hence, the given function () is strictly increasing in interval (%ooj

Find the intervals in which the function f given is
f(x)=2x>-3x* —36x+7
(A) strictly increasing (B) strictly decreasing

Solution 5:
The given function is

f(x)=2x>-3x* —36x+7

f'(x) =6x" —6x—36 =6(x* —x—6)=6(x+2)(x—3)

S f(x)=0=> x=-23

The points x=-2 and x =3 divide the real line into three disjoints intervals i.e.,
(—0,-2), (-2,3), and (3,).

— i

- ' | P

= 3
In intervals (—o0,—2) and (3,0), f'(x) is positive while in interval
(-2,3), f'(x) is negative.

Hence, the given function (f) is strictly increasing in intervals

(—o0,—2) U (3,00), while function ( f) is strictly decreasing in interval (-2,3).
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Find the intervals in which the following functions are strictly increasing or decreasing :
(@) x*+2x-5
(b) 10—6x—2x°
(c) —2x°*—9x* —12x+1
(d) 6—9x—x?
(e) (x+1)3(x—3)3

Solution 6:
We have,

f(x)=x*+2x-5

s f(x)=2x+2

Now,

f(x)=0=>x=-1

Point x=-1 divides the real line into two disjoint intervals i.e., (—oo —1) and (-1, oo).
In interval (—oo,—1),

s f(x)=2x+2<0

- f isstrictly decreasing in interval (—o,-1).
Thus, f is strictly decreasing for x <—1.

In interval (—L oo),

s f(x)=2x+2>0

. f is strictly decreasing in interval (-1, oo).
Thus f is strictly increasing for x> —1.

(b) We have,

f (x)=10—6x—2x*
o (X)=—6—4x
Now,

, 3
f :O e —
(x)=0=x 5

The point x =—§ divides the real line into two disjoint intervals

In interval (—oo,—gj i.e., when x<—g, f'(x)=—6-4x<0.
. T is strictly increasing for x<—g.

. 3 . 3 .
In interval _E’OO i.e., when x>§, f'(x)=—6-4x<0.

. fis strictly increasing for x < —g .
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(c) we have,

f(x)=-2x"-9x* —12x+1

o f7(X) =—6x* ~18x 12 =—6( X" +3x+2) = —6(X+1)(x+2)
Now,

f'(x)=0=x=-1and x=-2

Points x=-1 and x=-2 divide the real line into three disjoint intervals.
i.e., (—o0,—-2),(-2,-1) and (—1,)

inintervals (—oo0,—2) and (-1 ) i.e., when x<-2 and x> -1,
f'(x)=—6(x+1)(x+2)<0

. f isstrictly increasing for x<—2 < x>-1.

Now, in interval (-2, -1) i.e., when -2 < x < -1,
f'(x)=-6(x+1)(x+2)>0.

.. Tis strictly increasing for -2 < x < -1.

(d) We have,
f(x)=6-9x—x’
o (x)=—9-2x

Now, f (x)=0 gives x=—g

The point x = —g divides the real line two disjoint intervals i.e.,

In interval (—oo,—g) ie., for x<g,.
2 2

. f is strictly increasing for x<g

. 9 . 9 .
In interval (ij i.e., for x<—§, f (x)=—9-2x>0.
. f is strictly decreasing for x<—g
. 9 . 9 ..
In the interval [_E’wj i.e., for x>—§, f (x)=—9—2x<0

. f is strictly decreasing for x > —%

(e) We have,
f(x)=(x+1)3(x—3)3
f'(x)=3x(x +1)2(x—3)3 +3(x—3)2(x +1)3
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The points x=-1, x=1, and x =3divided the real line into four disjoint intervals.
i.e., (—o,-1), (-11), (1,3) and (3,)

In intervals (—oo,-1) and (-11), f'(x)=6(x+1)2(x—3)2(x—1)<0

- f s strictly decreasing in intervals (—oo,—1) and (—1,1)

In intervals (1,3) and (3,0), f'(x)=6(x+1)"(x—3)"(x~1)>0

- f s strictly increasing in intervals (1,3) and (3,0).

Show that y =log(1+ x)—22—x, X >—1, is an increasing function of X throughout its domain.
+X

Solution 7:
We have,
2X

y=|og(1+x)—m

cdy 1 (2+x)(2)-2x(1) 1 4 X

Cax 1ex o (24x)  L+x (24x) (2+x)

@ _,

dx

X2

= 2
(2+Xx)

—x2=0 [(2+x)=0as x>-1]

=x=0

Since x>-1, point x=0divides the domain (—l,oo) in two disjoint intervals i.e., —1<x<0

and x>0.

When —1< x<0 we have:

X<0=x*>0

Now,

x>—1:>(2+x)>0:>(2+x)2 >0
X2
~>0
(2+x)
Also, when x>0:
Xx<0= x? >O,(2+x)2 >0

Yy =
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X2

2
(2+x)
Hence, function f is increasing throughout this domain.

Yy = >0

Find the values of X for which y = [x(x—z)]2 Is an increasing function.

Solution 8:
We have,

y=[x(x-2)] =[x -2x]
% = 2(x2 —2x)(2x—2) =4x(x—-2)(x-1)
Jdy

e
The points x=0, x=1 and x=2 divide the real line into four disjoint intervals i.e.,

(—,0), (0,1), (1,2) and (2,).
In intervals (—o,0) and (1,2), %<O

0=>x=0,x=2,x=1

=y is strictly decreasing in intervals (—o,0) and (1,2)
However, in intervals (0,1) and (2,), ? >0
X

.y is strictly decreasing in intervals (0,1) and (2,0)
..y is strictly decreasing in intervals 0<x <1 and x> 2.

Prove that y =ﬂ—¢9 is an increasing function of @ in [O,z}.
(2+cos6) 5

Solution 9:
We have,

__4sing

(2+cosb)
. Oy _ (2+cos8)(4cosd) —4sinO(-sin ) 1
" de (2 +cos6)?
_ 8cos@+4cos’ §+4sin’ 0 4
(2+cos@)’

_ 8cosf+4 1

(2+cos¢9)2
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Now,
dy 0

do
8cosf+4 1

> —F=
(2+cos0)
—8c0s0+4=4+cos’&+4cosO

= c0s° @—4cosfd=0

= cosf(cosd—4)=0
=cosd=0o0r cosfd=4
Since cos@ # 4,cos@ =0.

cos¢9=0:>t9:%

Now,
dy _ 08cosé?+—(4+cos2 0+4cosd) 4cos®—cos”’  cos(4—cosb)
deo (2 +cosf)h2 (2 +cos8)? (2 +cosb)®

In interval {0%} we have cos@ >0, Also 4>cosfd—=4—-cosd>0.

:.cos@(4—cosd) >0 and also (2+c036?)2 >0
cosd(4—cosd)
(2+cos@)2

:>ﬂ>0
dx

>

Therefore, y is strictly increasing in interval (0%)
Also, the given function is continuous at Xx=0 and x =%.

Hence, y is increasing in interval {0%}

Prove that the logarithmic function is strictly increasing on (0, oo).

Solution 10:
The given function is f (x)log x.

It is clear that for x>0, f'(x)=l>0
X

Hence, f(x)logx is strictly increasing in interval (0,c0).
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Prove that the function f isgivenby f (x)=x*—x+1 is neither strictly increasing nor strictly
decreasing on (-11).

Solution 11:
The given function is f (x)=x*—x+1

s (x)=2x-1

Now, f'(x):O:x:%.

The point % divides the interval (—1,1) into two disjoint intervals i.e., (—L%) and 61)
Now, in interval (—L%), f'(x)=2x-1<0.

Therefore, f is strictly decreasing in interval (—1, %)

However, in interval (%1) f'(x)=2x—1> 0.

Therefore, f is strictly increasing in interval (%1)

Hence, f is neither strictly increasing nor decreasing in interval (—Ll).

Which of the following functions are strictly decreasing on [0, %)’7

(A)cosx (B)cos2x (C)cos3x (D) tanx

Solution 12:
(A) let f (x)=cosx.
- £, (X)==sinx

In interval (0%) fl'(x)z—sinx<0.

. f,(x) =cosx is strictly decreasing in interval (Ogj

(B) let f,(x)=cos2x
o 1, (X) =-2sin2x

Now, O<x<%:>O<2x<7z:>sin2x>0:>—25in2x<0
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- f, (x)=-2sin2x <0 on (O%)

. f,(x) =cos 2x is strictly decreasing in interval (0, %)

(C) let f,(x)=cos3x
- Ty (X)=-3sin3x
Now, f3(x)=0.

=sin3x=0=3x=r,as XE(O,%)
= X==
3

The point x:% divides the interval (0%) into two disjoint intervals
e [o,zj and (Z,zj.
3 3 2

Now, in interval (0%) , f3(x)=-3sin3x< O[aso <X< % —=0<3x< 7[}

.. f; is strictly decreasing in interval (0%)

However, in interval Z,Z , f3(x)=-3sin3x>0 asl <x<Z = <3< 3z
32 3 2 2

.. f; is strictly increasing in interval [%%j

Hence, f, is neither increasing nor decreasing in interval [0%)

(D) let f,(x)=tanx

o fy (X)=sec”x

In interval (O, Zj f, (x) =sec” x> 0.
2
.. T, is strictly increasing in interval (0%)

Therefore, function COSX and cos2x are strictly decreasing in [0, %)

Hence, the correct answer are A and B.

On which of the following intervals is the function f is given by f (x)=x" +sinx—1 strictly
decreasing?
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A. (01)
B. (%zj
C. (o,%)

D. None of these

Solution 13:

We have,

f(x)=x+sinx—1

- f(x)=100x +cos x

Ininterval, (0,1), cosx>0 and 100x™ >0

- f(x)>0.

Thus, function f is strictly increasing in interval (0,1).

In interval (%z) cos X <0 and 100x* > 0.Also 100x* > cos x

- (x) >Oin(£,7zj
2
Thus, function f is strictly increasing in interval (%ﬂ'j

In interval (0%) cos x>0 and 100x® >0.
-.100x* +cosx >0

= f'(x)>0o0n (O%)

. T is strictly increasing in interval (0%)

Hence, function f is strictly decreasing in none of the intervals.
The correct answer is D.

Find the least value of a such that the function f given f (x) = x* +ax+1 is strictly increasing
on (1,2).

Solution 14:
We have,

f(x)=x"+ax+1
s f(x)=2x+a
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Now, function f will be increasing in (1,2) if f'(x)>0 in (1,2).
=2Xx+a>0
= 2X>-a
-a
=X>—
2
Therefore, we have to find the least value of a such that

x>_—2a, when xe(1,2).

:>x>_—2a (when 1<x<2)

Thus, the least value of a for f to be increasing on (1,2) s given by,

a3
2
_—a:1:>a:—2
2

Hence, the required value of a is —2.

Let | be any interval disjoint from (—1,1), prove that the function f given by f(x)=x+1 is
X

strictly increasing on 1.
Solution 15:
We have,
1
f(x)=x+=
(x)=x+

S () =12

Now,

f(x)=0=>x=+1

The points x=1 and x=-1 divided the real line in three disjoint intervals i.e.,
(—0,-1), (-1,1) and (L0).

In interval (—1,1), it is observed that:

-1<x<1

=x*<1

:>1<i2,x¢0

X

1
=1-—<0,x=#0

X2

f'(x):l—x—12<00n(—1,1)~ (0}.



Class X1l - NCERT — Maths Chapter-06 - Application of Derivatives

- f is strictly decreasing on (-1,1) ~{0}.

In interval (—o0,—1) and (1,0, it is observed that:
x<-lorl<x

=x'>1

=1> %

:>1—i>0

XZ
f'(x)=1—i2>0 on (—o0,—1) and (1,0).
X
. T is strictly increasing on (—oo,—l) and (]_,oo).
Hence, function f is strictly increasing in interval in interval | disjoint from (—1,1).
Hence, the given result is proved.

Prove that the function f givenby f (x)=logsinx is strictly increasing on [0%) and strictly

decreasing on (% , ﬂ'j

Solution 16:
We have,
f (x)=logsin x

f'(x)=_icosx=cotx
sin x
In interval (0%) f (x)=cotx>0
. . . . . T
. T is strictly increasing in (OEJ

In interval (%ﬂ'} f (x)=cotx<0

. T s strictly increasing in (%zj
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Prove that the function f is given by f(x)=logcosx is strictly decreasing on [0%) and
. . . T
strictly increasing on (Eﬂj

Solution 17:
We have,

f (x)=logcosx

s (%) =th(—sin X)=—tan x

In interval (0, %j , tanx>0=—-tanx<O0.

- f(x)=<00n (O,zj
2
. f is strictly decreasing on (0%)

In interval (%ﬂ'j tanx<0=—-tanx>0.

- f(x)>00n (%ﬁj

. is strictly increasing on (%ﬂ'j

Prove that the function given by f (x) =x*>—3x*+3x =100 is increasing in R.

Solution 18:
We have,
f (x)=x*—3x*+3x =100

f'(x)=3x"-6x+3
:3(x2 —2x+1)
=3(x-1)’

Forany xeR

(x-1)2>0
Thus f (x) is always positive in R.

Hence, the given function () is increasing in R.

The interval in which y = x%e™* is increasing is
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o0 w >
~ A~~~
X
(@)
~

Solution 19:
We have,
y=x%*

. dy

“_=2 =X 2 -X _ —X 2_
» xe* —xe =xe™*(2—-x)

Now , ﬂ:O.
dx

=x=0and x=2

The points x=0 and x =2 divided the real line into the three disjoint intervals
i.e., (—0,0), (0,2) and (2,).

In intervals (—oo,0) and (2,0), f (x)<0ase™ is always positive.

- f is decreasing on (—o0,0) and (2,).

Ininterval (0,2), f (x)>0.

- f s strictly increasing on (0,2).

Hence, f is strictly increasing in interval (0,2).

The correct answer is D.

Exercise 6.3

Find the slope of the tangent to the curve y=3x*—4x at x=4.

Solution 1:

The given curve is y =3x* —4x.

Then, the slope of the tangent to the given curve at x =4 is given by,
L =12x° —4] =12(4)3 —-4=12(64)-4=764.

dy 4 x=4

=

X_
X_

Find the slope of the tangents to the curve y = , X=2 at x=10.

N

Solution 2:
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x-1

The givencurveis y =

N

L dx _(x=2)(1)~(x-1)(1)

"dy: (x-2)°
_ x—2—x+1: -1

(x-2)  (x-2f
Thus, the slope of the tangent at x =10 is given by,

dy x=10 (X_Z)Z %10 (10_2)2 64

Hence, the slope of the tangent at x =10 is g—i

Find the slope of the tangent to curve y =x°—x+1 at the point whose x-coordinate is 2.

Solution 3:
The givencurve is y = x> —x+1

% =3x*-1

dy
The slope of the tangent to a curve at (x,,Y,) is %} :
(%:¥0)

It is given that x, =2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,
X g 1] =3(2) -1=12-1=11

dy s X=2

Find the slope of the tangent to the curve y=x*—3x+2 at the point whose x-coordinate is 3.

Solution 4:
The given curve is y = x> —3x+2

% =3x*-3

dy
The slope of the tangent to a curve at (X, , Y, ) is %}
(%0 + ¥o)
Hence, the slope of the tangent at the tangent at the point where the x-coordinate is 3 is given
by,

%} =3x2_3] =3(3)" -3=27-3=24
dy s x=3
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Find the slope of the normal to the curve x=acos*@, y=asin’é at =%.

Solution 5:
It is given that x=acos®@ and y=asin®4.

3—2 =3acos” #(—sin @) =-3acos’ ¥sin &
Y _ zasin? 6(cos6)
do

dy
' dx_(dej __ 3asin’dcosd _ sind _

So—= = = =—tané@
dy (dx) —3acos’dsind  cosé

déo

Therefore, the slope of the tangent at @ :% is given by,

—} =—tanf] = —tanZ =-1
P 4 4

Hence, the slope of the normal at & :% is given by,

-1

slope of the tangent at & =%

Find the slope of the normal to the curve x=1-asin@ and y =bcos” @ at :% .

Solution 6:
It is given, that x=1—asin@ and y =bco’d.

ax =—acos@ and ady =2bcosd(—sind) =—2bsinHcos o
dé dé

)

-,'ﬂ:(de :—stmecosé?:Z_bsine

dx (de ~acosé a
de

Therefore, the slope of the tangent at & :% is given by,
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ﬂ} :2bSin9} 2bS. 7 2b
-7 @
2

dx
Hence, the slope of the normal at & :% is given by,

1 -1 a

Bl

slope of the tangent at 8 =

N

Find the points at which tangent to the curve y = x> —3x*—-9x+7 is parallel to the X - axis.
Solution 7:
The equation of the given curve is y = x® —3x* —9x +7.

.'.ﬂ=3x2 —6x-9
dx

Now, the tangent is parallel to the X - axis if the slope of the tangent is zero.

23X —6x—9=0=x"-2x-3=0

=(x-3)(x+1)=0

=>x=30r x=-1

When x=3, y=(3)’~9(3)+7=27-27-27+7=-20.

When, x=1, y=(-1)° -3(-1)" -9(-1)+7=-1-3+9+7=12,

Hence, the points at which the tangent is parallel to the X -axis are (3,-20) and (-1,12).

Find a point on the curve y:(x—2)2 at which the tangent is parallel to the chord joining the
points (2,0) and (4,4).

Solution 8:
If a tangent is parallel to the chord joining the points (2,0) and (4,4),then the slope of the

tangent = the slope of the chord.

The slope of the chord is 4-0 _4 2.
4-2 2

Now, the slope of the tangent to the given curve at a point (x, y) is given by,

dy
=2 =2(x-2
5 = 2(x=2)

Since the slope of the tangent = slope of the chord, we have:



Class X1l - NCERT — Maths Chapter-06 - Application of Derivatives

2(x-2)=2

=>X-2=1=x=3

When x=3, y=(3-2)" =1.
Hence, the required point is (3,1).

Find the point on the curve y=x>—11x+5 at which the tangent is y = x—11.

Solution 9:

The equation of the given curve is y = x> —11x+5.

The equation of the tangent to the given curve is given as y=x-11 (which is of the form
y =mx+cC).

.. Slope of the tangent = 1

Now, the slope of the tangent to the given curve at the point (x,y) is given by,

dy =3x*-11
dx

Then, we have:

3x*-11=1

=3x* =12

=x*=4

=>X=12

When x=2,y=(2)’-11(2)+5=8-22+5=-9.
When x=-2,y=(-2)’ ~11(-2)+5=-8+22+5=19.
Hence, the required points are (2,-9) and (-2,19).

Find the equation of all lines having slope —1 that are tangents to the curve y = il x=1

Solution 10:

The equation of the given curve is y = il x#1

The slope of the tangents to the given curve at any point (x, y) is given by,
dy -1

d (x-1)°

If the slope of the tangents is —1, then we have:
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-1 B
(x-1)°
=(x-1)" =1
=>x-1=+1
=x=2,0
When x=0, y=-1and when x=2, y=1.

Thus, there are two tangents to the given curve having slope —1. These are passing through the
points (0,—1)and (2, 1).

.. The equation of the tangent through (0, —1) is given by,

y=(-1)=-1(x-0)

=>y+l=-x

-1

= Yy+Xx+1=0

.. The equation of the tangent through (2,1), is given by,
y—1=-1(x-2)

=>y-1=x+2

=y+x-3=0
Hence, the equations of the required lines are y+x+1=0 and y+x—-3=0.

Find the equation of all lines having slope 2 which are tangents to the curve y =—3,x #3.

Solution 11:

The equation of the given curve is y = %,x #3

The slope of the tangent to the given curve at any point (x, y) is given by,
dy -1
dx (x—3)2
If the slope of the tangent is 2, then we have:
-1

(x-3)"
=2(x-3) =-1
-1

:>(x—3)2 =

This is not possible since the L.H.S. is positive while the R.H.S. is negative.
Hence, there is no tangent to the given curve having slope 2.
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Find the equations of all lines having slope 0 which are tangent to the curve y = oxa3
X* —2X+

Solution 12:
1

X2 —2x+3
The slope of the tangent to the given curve at any point (x, y) is given by,

dy _ —(2x-2) _ —2(x-1)

dx (x2 —2x+3)2 (x2 —2x+3)2
If the slope of the tangent is 0, then we have:

The equation of the given curve is y =

2(x-1)
(x2—2x+3)2 B
= -2(x-1)=0
=>x=1
When x=1, y=1_;+3=%.

.. The equation of the tangent through (1, %} is given by,

y—==0(x-1)
1
~2=0
=y 5
!
2

Hence, the equation of the required line is y =% :

2 2

Find points on the curve %+:—6 =1 at which the tangents are

i) Parallel to Xx-axis ii) Parallel to y -axis

Solution 13:
2 2

The equation of the given curve is §+y— =1

16
On differentiating both sides with respect to X, we have:
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ﬁ_}_ﬂ.ﬂzo
9 16 dx
d_y_—16x
dx 9y

(i) The tangent is parallel to the Xx-axis if the slope of the tangent is i.e., %BX:O, which is

possible if x=0.
2 2

Then, X—+y—:1for x=0
9 16

=y =16=y=14
Hence, the points at which the tangents are parallel to the X -axis are (0,4) and (0,—4).
(if) The tangent is parallel to the y-axis if the slope of the normal is O, which gives

_—1=ﬂ:o = y=0.
-16x 16x
9y

2 2
Then, x_+y_ =1 for y=0.
9 16
= X=13
Hence, the points at which the tangents are parallel to the y -axis are (3,0)and (-3,0).

Find the equations of the tangents and normal to the given curves at the indicated points:
I y=x"-6x’+13x*—-10x+5 at(0,5)

Il y=x'-6x>+13x*-10x+5 at (13)
. y=x> at (11)
IV. y=x*at(0,0)

V.  x=cost, y=sint at t:%

Solution 14:
(i). The equation of the curve is y = x* —6x® +13x* —10x +5.
on differentiating with respect to X, we get:

dy =4x> —18x* +26x—10

dx

ﬂ} __10

dX Jos)

Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent id given as:
y—5=-10(x—0)

= y-5=-10x

=10x+y=5
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The slope of the normal at (0,5) is -1 _1
Slope of the tangent at (0,5) 10

Therefore, the equation of the normal at (0,5) is given as:

1
-5=—(x-0
y 10(X )
=10y-50=x

= x-10y+50=0
(ii) The equation of the curve is y = x* —6x°> +13x* —10x +5.
On the differentiating with respect to X, we get:

dy =4x> —18x* +26x—10
dx

ﬂ} =4-18+26-10=2
dX Jys

Thus, the slope of the tangent at (L 3) is 2. The equation of the tangent is given as:
y—3=2(x-1)
=Yy-3=2Xx-2

=>y=2x+1
The slope of the normal at (1,3) is L :_—1.
Slope of the tangent at (1,3) 2

Therefore, the equation of the normal at (L 3) is given as:

1
-3=>(x-1
y-3=2(x-1)

=2y-6=x+1

=>X+2y-7=0

(iii) The equation of the curve is y = x°.

On differentiating with respect to X, we get:

% =3x?

dy 2

&Ll) _3(1 =3

Thus, the slope of the tangent at (Ll) is 3 and the equation of the tangent is given as:
y—-1=3(x-1)

=y=3x-2

The slope of the normal at (1,1) is 1 :_—1.
Slope of the tangent at (11) 3

Therefore, the equation of the normal at (L 1) IS given as:
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-1=—(x-1
y-1=—(x-1)
=3y-3=x+1
= Xx+3y-4=0

(iv) The equation of the curve is y = x°.
On differentiating with respect to X, we get:

ﬂ:ZX
dx

d_y} 0
dx (0.0)

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given as:
y—0=0(x-0)

=y=0
-1

Slope of the tangent at (0,0)
Therefore, the equation of the normal at (x,y,)=(0,0) is given by

X=X, =0.
(v) The equation of the curve is x =cost, y =sint.
X =cost, y =sint.

% = —sint,ﬂ =cost
dt dt

dy
. dy_(dtj_ cost
"dx_(dx]_—sint_
dt

dy} — _cott=-1
=5

= _1,.which is not defined.

The slope of the normal at (0,0) is

—cott

dx
The slope of the tangent at t =% is—1.

1 1
Whent:f,x=— and y=—.
2 TR MR

. . . 1 1 .
Thus, the equation of the tangent to the given curve at == e, || —=,—= || IS
! ’ ! 4 Kﬁ JEH
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The slope of the normal at t =7~ is -1 =1,

Slope of the tangent att =%

Therefore, the equation of the normal to the given curve at t ~Z je,at Kiiﬂ is
A J2'\2
oL 1(ij
N N
=>X=Y

Find the equation of the tangent line to the curve y = x*—2x+7 which is
(a) parallel to the line 2x—y+9=0
(b) Perpendicular to the line 5y —15x =13.

Solution 15:
The equation of the given curve is y = x* —2x+7
On differentiating with respect to X, we get:

ﬂ=2x—2.
dx

(a) The equation of the line is 2x—y+9=0
2X—y+9=0, y=2x+9
This is of the form y=mx+c.

Slope of the line = 2
If a tangent is parallel to the line 2x—y+9=0, then the slope of the tangent is equal to the slope

of the line.

Therefore, we have:

2=2x-2

= 2x=4

=>Xx=2

Now, x=2

=>y=4-4+7=7

Thus, the equation of the equation of the tangent passing through (2, 7) is given by,
y—7=2(x-2)

=y-2x-3=0

Hence, the equation of the tangent line to the given curve (which is parallel to line 2x—y+9=0)
iIsy—2x—3=0.

(b) The equation of the line is 5y —15x =13.

5y—-15x =13, y:3x+§

This is form of y=mx+c.
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Slope of the line =3
If a tangent id perpendicular to the line 5y —15x =13, then the slope of the tangent is

L
slope of the line 3°

:>2x—2=_—l
3

= 2X=—+2

:>2x:§
3

5
=S X==
6

Now, x:E
6

25 10 25-60+252 217
=—+—+7= =

36 6 36 36

=Yy

Thus, the equation of the tangent passing through (g%j is given by,

217 1[ 5)
Y———=2| X—=
36 3 6
:>36y—217:—_1(6x_5)
36 18
= 36y—217=-2(6x-5)
= 36y—-217=-12x+10
=36y +12x—227=0

Hence, the equation of the tangent line to the given curve (which is perpendicular to line
5y—15x=13) is 36y +12x—227=0.

Show that the tangents to the curve y=7x>+11 at the points where x=2 and x=-2 are
parallel.

Solution 16:
The equation of the given curve is y =7x%+11.

BLANPYG
dx

The slope of the tangent to a curve at (X,Y, ) is ﬂ} :
(%0:Yo)

Therefore, the slope of the tangent at the point where x =2 is given by,
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dy 2
2| =21(2)" =84
dxj|x—2 ( )

It is observed that the slope of the tangents at the points where x =2 and x =-2 are equal.
Hence, the two tangents are parallel.

Find the points on the curve y =x® at which the slope of the tangent is equal to the y -coordinate
of the point.

Solution 17:
The equation of the given curve is y = x°.

LW
dx
The slope of the tangent at the point (x,y) is given by,

ﬂ} =3x?
dx (xy)

When the slope of the tangent is equal to the y-coordinate of the point, then y =3x°.
Also, we have y = x’.

X=X

x*(x=3)=0

x=0,x=3

When x=0, then y=0 and when x=3 then y= 3(3)2 =27.

Hence, the required points are (0,0)and (3,27).

For the curve y =4x>—2x°, find all the points at which the tangents passes through the origin.

Solution 18:
The equation of the given curve is y =4x> —2x°.

dy =12x%-10x*
dx

Therefore, the slope of the tangent at a point (x,y) is 12x* —10x".
The equation of the tangent at (x, y) is given by,

Y -y =(12x* -10x")(X —x) e (D)

When the tangent passes through the origin (0,0), then X =Y =0.
Therefore, equation (1) reduces to:
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—y :(12x2 —10x“)(—x)
y=12x°-10x°

Also, we have y=4x>—2x".
~12x3 —10x° =4x° - 2x°
=8x°-8x*=0

=x-x*=0

=X (x2 —1) =0

=x=0,%1

When x =0,y =4(0)’ —2(0)5 =0.
When x=1y= 4(1)3 2(1 )

When x=-1,y=4(— 1) -2(- 1)
Hence, the required points are (O, 0), (L 2) and (-1,-2).

Find the points on the curve x* +y® —2x—3=0 at which the tangents are parallel to the X -axis.

Solution 19:
The equation of the given curve is x* +y? —2x—3=0.
On differentiating with respect to X, we have:

2x+2yﬂ—2:0
dx

= yﬁzl—x

dx
Ly _1-x
dx vy
Now, the tangents are parallel to the X -axis if the slope of the tangent is 0.

X 01 x=0=x=1

y
But, X*+y*—2x-3=0 for x=1.
=y =4,y=42
Hence, the points at which the tangents are parallel to the X -axis are (L 2) and (L —2).

Find the equation of the normal at the point (amz,am3) for the curve ay” = x°.

Solution 20:
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The equation of the given curve is ay* = x°.
On differentiating with respect to X, we have:

2ayﬂ =3x°
dx

dy 3x°
= = =—
dx 2ay

The slope of a tangent to the curve at (x,,Y,) is ﬂ} :
(%:¥o)

= The slope of the tangent to the given curve at (am?,am’) is

2 2
ﬂ} B 3(am ) _ 3a2m* _3_m
AX e ) 2a(am3) 2a’m* 2
Slope of normal at (am®,am?)
- 1 _2
slope of the tangent at (amz,am3) 3m

Hence, the equation of the normal at (am?,am*) is given by,

-2
—am® =—(x—am?
= 3my —3am* = 2x + 2am?

= 2x+3my—am’(2+3m°) =0

Find the equation of the normal to the curve y=x>+2x+6 which are parallel to the line
X+14y+4=0.

Solution 21:
The equation of the given curve is y=x®+2x+6.

The slope of the tangent to the given curve at any point (x, y) is given by,

dy_ 3x*+2
dx
Slope of the normal to the given curve at any point (x, y)
_ -1
Slope of the tangent at the point(Xx, y)
-1
3x*+2
The equation of the given line is x+14y+4=0.

1 4 C .
X+14y+4=0, y=——x—— (which is of the form y=mx+c¢
y Y="11%"1a ( y )
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Slope of the given line = -1
14

If the normal is parallel to the line, then we must have the slope of the normal being equal to the
slope of the line.
-1 4
T3 +2 14
=3x*+2=14
=3x* =12

=x’=4

=>X=%2
When x=2,y=8+4+6=18.
When x=-2,y=-8-4+6=-6.

Therefore, there are two normal to the given curve with slope I—j and passing through the points

(2,18) and (—2,-6).
Thus, the equation of the normal through (2,18) is given by,

-1
-18=—(x-2
y 14(X )

=14y —-252=x+2
= X+14y-254=0
And, the equation of the normal through (-2,-6) is given by,

y=(-6)= ;[ x~(-2)]

14

= y+6:ﬂ(x+2)

=14y +84=-—x-2
= Xx+14y+86=0

Hence, the equations of the normal to the given curve (which are parallel to the given line) are
X+14y—254=0 and x+14y+86=0.

Find the equations of the tangent and normal to the parabola y* =4ax at the point (atz, 2at).

Solution 22:
The equation of the given parabola is y* = 4ax .

On differentiating y® = 4ax with respect to X, we have:
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dy
2y—=4a
y dx
_ Oy _2a
dx vy
The slope of the tangent at (at?, 2at) is ﬂ} _a 1
dX (at2,2at) Zat t

Then, the equation of the tangent at (at*,2at) is given by,
1
—2at==(x—at’
y-2at=7(x-at’)

=ty —2at* = x—at?

=ty = x+at?

Now, the slope of the normal at (at”, 2at) is given by,
-1

— ¢
Slope of the tangent (at”, 2at)

Thus, the equation of the normal at (atz, 2at) is given as:
y —2at :t(x—atz)

= y-2at =tx+at’

= y = —tx+ 2at +at’

Prove that the curves x=y* and xy =k cut at angles if 8k* =1.
[Hint: Two curves intersect at right angle if the tangents to the curves at the point of intersection
are perpendicular to each other.]

Solution 23:
The equation of the given curves are given as x=y* and xy =k
Putting x=y? in xy =k, we get:
1
Y =k=y=k3
2
Sox=k3

2 1
Thus, the point of intersection of the given curves is (k3 , k3J

Differentiating x = y* with respect to X, we have:

1=2 ﬂ:ﬂ:i
dx dx 2y
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2 1
Therefore, the slope of the tangent to the curve x = y* at (k3,k3J IS ﬂ} . =il
dX K3 K3 Py
) gk
On differentiating xy =k with respect to X, we have:

dx dx

2 1

Slope of the tangent to the curve xy =k at (k-’*, k3J is given by,

1
ﬂ} :—_V} _k_1
dx [kiyki] X [ki,kij k§ k%

We know that two curves intersect at right angles if the tangents to the curves at the point of
2 1

intersection i.e., at (k3, k3J are perpendicular to each other.

This implies that we should have the product of the tangents as —1.
Thus, the given two curves cut at right angles if the product of the slopes of their respective

2 1
tangents at k3,k3j is—1.

. 1 -1
e, | — || —+

1 1
2k3 )\ k3
2

=2k3 =1
2 3
:{21@»} =(1)°

=8k’ =1
Hence, the given two curves cut at right angles if 8k* =1.

=1

2 2
Find the equations of the tangent and normal to the hyperbola %—% =1 at the point (xoyo) :

Solution 24:

2 2

, X :

Differentiating —2—§ =1 with respect to X, we have:
a
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2x_2ydy
a’ b? dx
2ydy _2x
b?> dx a’
dy _b’x
dx a’y
_dy b*x,
Therefore, the slope of the tangent at (x,,y,) is — =——2
dX iy @Yo
Then, the equation of the tangent at (x,,y, ) is given by,
b%X,
-y, = X— X
y yO az yo ( 0)
= a’yy, —a’y, =b’xx, —b’x,’
= b?xx, —a’yy, —b’x,” +a’y,” =0
2 2
:%—%—(%—ﬁ%) =0 [on dividing both sides by azsz
2 2
:%—%—1:0 {(xo,yo) lies on the hyperbola %—ézl}
Now, the slope of the normal at (x,, Y, ) is given by,
-1 _—aty,

Slope of the tangent (X,,Y,) b
Hence, the equation of the normal at (x,,y,) is given by,

_aZ
Y=Y = (xx)

- Y—Yo __(X_XO)

a’y, b*X,
= y;yo_i__(xz_xo)zo
a’y, b*xq

Find the equation of the tangent to the curve y=+/3x—2 which is parallel to the line
4x—-2y+5=0.

Solution 25:
The equation of the given curve is y =+/3x—2.
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The slope of the tangent to the given curve at any point (x, y) is given by,

dy__ 3
dx  24/3x-2

The equation of the given line is 4x—2y+5=0.

4x—-2y+5=0, y=2x+g (which is of the form y=mx+c)

Slope of the line = 2
Now, the tangent to the given curve is parallel to the line 4x—2y—-5=0 if the slope of the
tangent is equal to the slope of the line.

_ 3

When x=ﬂ,y= S(EJ—Z: 4—1—2=\/41_32:\/E:§_
48 48 16 16 16 4

Equation of the tangent passing through the point (%gj is given by,

= 24y-18=48x—-41
=48x—-24y =23
Hence, the equation of the required tangent is 48x—24y =23.

The slope of the normal to the curve y=2x*+3sinx at x=0is

OENCENCENCORE

Solution 26:
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The equation of the given curve is y = 2x* +3sin X .
Slope of the tangent to the given curve at x=0 is given by,

dx x=

Hence, the slope of the normal to the given curve at x=0 is
-1 !

Slope of the tangent at x=0 3

The correct answer is D.

ﬂ} = 4x+3cosX] , =0+3c0s0=3
x=0

The line y=x+1 is a tangent to the curve y* =4x at the point

Solution 27:
The equation of the given curve is y* =4x.
Differentiating with respect to X, we have:

ZyQ =4= ﬂ = g
dx dx vy
Therefore, the slope of the tangent to the given curve at any point (x, y) is given by,
dy 2
dxy

The given line is y = x+1( which is of the form y=mx-+c)

Slope of the line = 1.
The line y=x+1 is a tangent to the given curve if the slope of the line is equal to the slope of

the tangent. Also, the line must intersect the curve.
Thus, we must have:

|
y

=>y=2

Now, y=X+1=>Xx=y-1=>x=2-1=1

Hence, the line y = x+1is a tangent to the given curve at the point (L 2).
The correct answer is A.

Exercise 6.4

Using differentials, find the approximate value of each of the following up to 3 places of decimal.
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(i) V25.3, (ii) +/49.5, (iii) /0.6, (iv) (0.009)? (V) (0.999)%, (vi) (15)%, (vii) (26)%,

1
2

1
3

(viii) (255)¢, (ix) (82)¢, (x) (40L)z., (xi) (0.0087)z, (xii) (26,575, (xiii) (8L5):

(xiv) (3.968)2, (xv) (32.15)%

Solution 1:

(i) V253

Consider y=+/x. Let x=25 and Ax=0.3.

Then,

AY =\x+Ax =[x =[253-/25 = /25.3 -5

—=+25.3=Ay+5

Now, dy is approximately equal to Ay and is given by,
dy 1

dy = (&ij 503

1

= %(0.3) =0.03

Hence, the approximate value of J25.3 is 0.03+5=5.03.

(ii) \/49.5

Consider y=+/x. Let x=49 and Ax=0.5.

Then,

AY =/x+Ax—[x =495 /49 = /495 -7

= \/m =7+Ay

Now, dy is approximately equal to Ay and is given by,
dy 1

dy = (&jm 57 09)

-1 (05)=1(05)=0035

249 14
Hence, the approximate value of J495 is 7+0.035=7.035.
(iii) /0.6

Consider y=+/x. Let x=1 and Ax=-0.4.

Then,
Ay = X+ AX —\ﬂ =40.6-1
=0.6 =1+Ay

Now, dy is approximately equal to Ay and is given by,

dy:(%jmz%(m)

a5 y=x]

my-15]
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1
=2(-0.4)=-0.2
5(-0.4)

Hence, the approximate value of /0.6 is 1+(-0.2)=1-0.2=0.8.
1
(iv) (0.009)3
1

Consider y=x3. Let x=0.008 and Ax =0.001.
Then,

Ay = (x+ AX)s —(x)s =(0.009)¢ (0.008)

1

= (0.009)s —0.2

W=

1
=(0.009)2 =0.2+ Ay
Now, dy is approximately equal to Ay and is given by,
1
dy:(yij: ! ~(AX) {as y=x3
dx 3(X)§

(0.001) = 22% _ 0008
A2

B 1
3x0.04

1

Hence, the approximate value of (0.009)2 is 0.2+0.008 = 0.208.

(v) (0.999)

Consider y=(x)©. Let x=1and Ax=-0.001.
Then,
1 1 1

Ay =(X+Ax)©0 —(x)0 =(0.999)0 —1
1
= (0.999)0 =1+Ay
Now, dy is approximately equal to Ay and is given by,

dy:(ﬂij: L () [as yz(x)llo}

) 10(x)o

-1 (~0.001)=-0.0001
10

1
Hence, the approximate value of (0.999)w is 1+(~0.0001)=0.9999.

(vi) (15)¢

Consider y:xz. Let x=16and Ax=-1.
Then,

1 1 1 1
Ay = (x+Ax)t —x* = (15)4 — (16)4 = (15)¢ —2
= (15)' =2+ Ay
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Now, dy is approximately equal to Ay and is given by,

dy:(Q]Ax: 1 —(AX)

dX 4(X)Z
__1 - (-1):‘—1:‘—1=—o.03125
2 4x8 32

4(16)

1

Hence, the approximate value of (15)¢ is 2+(~0.03125)=1.96875.

(vii) (26
1
Consider y=(x). Let x=27and Ax=-1.
1 1 1 1 1
Ay =(x+Ax)3 —(x)3 =(26)3 —(27)2 =(26)2 -3

1
=(26)2 =3+Ay
Now, dy is approximately equal to Ay and is given by,
d 1
dy:(d—Osz 5 (A%)
3(x)3
— I (-1)=2=—00370
3(27)5

1
Hence, the approximate value of (26)3 is 3+(-0.0370) = 2.9629.
1
(viii) (255)s
1
Consider y=(x). Let x=256and Ax=-1.
Then,

AY = (X-+AX)s —(x)s = (255)s —(256)¢ = (255)¢ ~4

NS
[l

1
:>(255)Z =4+ Ay
Now, dy is approximately equal to Ay and is given by,

dy:(ﬂ]Ax: ! —(AX)

dx 4(X)Z
—— 1 (-1)=-—1 ——0.0039
a(2s6)s P4

1

Hence, the approximate value of (255)+ is 4+(~0.0039) =3.9961.

(iX) (82)¢

1
{as y =x*

as y=(x)§}

1
{as y:x“}
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1
Consider y=x*. Let x=81 and Ax=1.
1 1 1 1 1
Ay =(X+Ax)s —(x)+ =(82)4 —(81)s =(82)« -3

1
= (82)1 =Ay+3
Now, dy is approximately equal to Ay and is given by,

dy 1 1
dy =| = |Ax= —(AX) as y=(x)4
(dx] 4(X)Z { }
-t =t -1 000
a(r)s ~ 4(3) 108

1

Hence, the approximate value of (82)4 is 3+0.009 = 3.009.

() (401)%

Consider y=x2. Let x=400 and Ax=1.

AY =X+ Ax —Xx = /401 —/400 = /401 - 20

— 401 =20+ Ay

Now, dy is approximately equal to Ay and is given by,

dyj 1

dy = ¥ )Ax= — (Ax
y (dx 2\/§( )
-1 @w=2L_00s

2x20 " 20

Hence, the approximate value of /401 is 20+0.025=20.025.
1
(xi) (0.0037)5

1

Consider y=Xx2. Let x=0.0036and Ax = 0.0001.
Then,

1 1
Ay = (x+AX)2 —(x)2 = (0.0037)2 —(0.0036)2 = (0.0037)z —0.06

N |-

1
= (0.0037)5 =0.06+Ay
Now, dy is approximately equal to Ay and is given by,

dy:(%jm(:%(m)

1

~ 2x0.06

= &Ogl =0.00083

(0.0002)

as y=x2

as y=x2
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1

Thus, the approximately value of (0.0037)5 is 0.06+0.00083=0.6083.
1
(xii) (26.57)5
1

Consider y=x3. Let x=27and Ax=-0.43.
Then,
1 1

Ay =(X+Ax)s =3 =(26.57)% —(27) =(26.57)§ -3

Wl

1
= (26.57)5 =3+Ay
Now, dy is approximately equal to Ay and is given by,

dy=(%) - (&) {

- (-0.43)

3(9)

-8 _ 9015
27

1

Hence, the approximate value of (26.57)2 is 3+(—0.015) =2.984.

(xiii) (8L5)¢

Consider y=x*. Let x=81 and Ax=0.5.
Then,

Ay = (x-+AX)t —(x)¢ = (8L5)¢ —(81)¢ = (BL5)t -3

1
= (8L5) =3+Ay
Now, dy is approximately equal to Ay and is given by,

dy:[%)mzﬁ(m)

— L1 _(05)=22_00046
108

4(3)

Hence, the approximate value of (81.5)Z is 3+0.0046 = 3.0046.
3
(xiv) (3.968)2
3

Consider, y=x2.Let x=4and Ax=-0.032.
Then,

3 3

Ay =(x+80)2 —x2 =(3.968)2 —(4)

3
2

3
—(3.968) -8

1
as y=x3}

1
{as y =x*
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3
2

= (3.968)2 =8+ Ay
Now, dy is approximately equal to Ay and is given by,

dy = [%ij =302 (a0
- g(z)(—o.o3z)
=-0.096

3

Hence, the approximate value of (3.968)2 is 8+(—0.096) =7.904.

(XV) (32.15)%

Consider y=x5. Let x=32 and Ax =-0.15.
Then,

1 1

Ay =(X+AX)s — X :(32.15)% —(32) (32.15)% -2

gl -
I

1
=(32.15)5 =2+Ay
Now, dy is approximately equal to Ay and is given by,

o= 2 Jax- 5(i)§ (%)

1
=———:+(0.15
= 015 =0.00187

80

1
Hence, the approximate value of (32.15)E is 2+0.00187 =2.00187.

Find the approximate value of (2.01), where f (x) =4x® +5x+2.

Solution 2;
Let x=2 and Ax=0.01.Then, we have:

f(2.01) = f (x+AX)=4(X+AX)" +5(X+AxX)+2
Now, Ay = f (x+Ax)— f (x)
f (x+Ax) = f (x)+Ay

3
{as y = Xx?

1
as yzxfl

~ f(x)+ f (X).Ax (as dx = Ax)

= f(2.01) z(4X2 +5x+2)+(8x+5)Ax
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=[4(2" +5(2)+2]+[8(2)+5](0.00) [as x=2, Ax=0.01]
=(16+10+2)+(16+5)(0.01)
=28+(21)(0.01)

=28+0.21

=28.21
Hence, the approximate value of f (2.01) is 28.21.

Find the approximate value of f (5.001), where f (x)=x’>—7x*+15.

Solution 3:
Let x=5 and Ax=0.001. Then, we have:

f(5.001)= f (x+Ax)=(x+Ax)’~7(x+Ax)" +15
Now, Ay = f (x+Ax)— f (x)

o f(x+AX) = f(x)+Ay

~ f(x)+f (x).Ax

= f(5.001) ~ (X° —7x* +15)+(3x* ~14x) Ax
=[(5)-7(5)" +15|+| 3(5)" ~14(5) | (0.001) [x=5,Ax =0.001]
= (125-175+15) +(75-70)(0.001)

—-35+(5)(0.001)

=-35+0.005

=-34.995
Hence, the approximate value of f (5.001) is —34.995.

(as dx=Ax)

Find the approximate change in the volume V of a cube side x meters caused by increasing side
by 1%.

Solution 4:
The volume of a cube (V) of side xis given by V =x°.

v = (d_Vij
dx

=(3x*) Ax
=(3x*)(0.01x) [as 1% of x is 0.01x]
=0.03x°
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Hence, the approximate change in the volume of the cube is 0.03x® m®.

Find the approximate change in the surface area of a cube of side X meters caused by decreasing
the side by 1%.

Solution 5:
The surface area of a cube (S) of side X is given by S =6x.

FREN
dx \dx
= (12x) Ax
=(12x)(0.01x) [as 1% of x is 0.01x]

=0.12x
Hence, the approximate change in the surface area of the cube is 0.12x*> m?.

If the radius of a sphere is measured as 7 m with an error of 0.02 m, then find the approximate
error in calculating its volume.

Solution 6:

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=7m and Ar=0.02m

Now, the volume V of the sphere is given by,

V = ﬂ7zr‘°’
3
dv

co— =47r?
dr

sdv = (d—vj Ar
dr

= (47rr2)Ar
=47(7)’(0.02)m* =3.92zm’
Hence, the approximate error in calculating the volume is 3.927 m?.

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find the approximate
error in calculating in surface area.
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Solution 7:

Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then,

r=9m and Ar=0.03m

Now, the surface area of the sphere (S) is given by,

=87(9)(0.03)m’

=2.16z7m?
Hence, the approximate error in calculating the surface area is 2.1677z m?.

If f(x)=3x?+15x+5, then the approximate value of (3.02) is
(A) 47.66, (B) 57.66, (C) 67.66, (D) 77.66

Solution 8:
Let x=3 and Ax=0.02 Then, we have:

f(3.02) = f (x+AX)=3(x+Ax)" +15(X+AxX)+5

Now, Ay = f (x+Ax)— f (x)

= f(x+Ax)=f (x)+Ay

~ f(x)+f (x)Ax (As dx =Ax)

= f(3.02) ~(3x* +15x +5) +(6x+15) Ax

=[3(3°)+15(3)+5]+[6(3)+15](0.02) [As x=3, Ax=0.02]
=(27+45+5)+(18+15)(0.02)

=77+(33)(0.02)

=77+0.66

=77.66
Hence, the approximate value of (3.02) is 77.66.
The correct answer is D.

The approximate change in the volume of a cube of side X meters caused by increasing the side
by 3% is
A. 0.06x’m® B. 0.6x°’m* C. 0.09x’m® D. 0.9x°’m®
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Solution 9:
The volume of a cube (V) of side X is given by V =x°.

v =[x
dx

= (3x2 ) AX

=(3x*)(0.03x)

=0.09x°m’

Hence, the approximate change in the volume of the cube is 0.09x* m®.
The correct answer is C.

[ As 3% of axis 0.03x]

Exercise 6.5

Find the maximum and minimum values, if any, of the following given by
(i) f(x)=(2x=2)"+3 (i) f(x)=9x* +12x+2
(iii) f(x)=—(x-1)"+10 (iv) g(x)=x*+1

Solution 1:
(i) The given function is f (x) =(2x—1)2 +3

It can be observed that (2x—1)2 >0 for every xeR.

Therefore, f(x)=(2x—1)2 +3>3 for every xeR.

The minimum value of f is attained when 2x—-1=0.
2x-1=0, x= 1
2

2
Minimum value of f(%)z[l%—l} +3=3.

Hence, function f does not have a maximum value.
2

(ii) The given function is f (x)=9x" +12x+2=(3x*+2) —2.
It can be observed that (3x’ +2)2 >0 for every xeR.

Therefore, f(x)=(3x’ +2)2 —2>-2 for every xeR.

The minimum value of f is attained when 3x+2=0.

3X+2=0=0, x:_—2
3
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2 2 ?
Minimum value of f(—ﬂ=(3[%}+zj —2=-2

Hence, function f does not have a maximum value.
(iiii) The given function is f (x)=—(x~1)"+10.
It can be observed that (x—l)2 >0 for every xeR.

Therefore, f(x)=—(x-1)"+10<10 for every xeR.

The maximum value of f is attained when (x—1)=0.

(x-1)=0, x=0

Maximum value of f = f (1)=—(1-1)° +10=10

Hence, function f does not have a maximum value.

(iv) The given function is g(x)=x>+1.

Hence, function g neither has a maximum value nor a minimum value.

Find the maximum and minimum values, if any, of the following functions given by
(i) f(x)=|x+2-1 (ii) g(x)=—|x+1+3 (iii) h(x)=sin(2x)+5
(iv) f(x)=[sindx+3 (v) h(x)=x+4,xe(-11)

Solution 2:

(i) f(x)=|x+2-1

We know that |x+2|>0 for every xeR.

Therefore, f(x)=|x+2/—1>-1 for every xeR.
The minimum value of f is attained when |x+2/=0.
[x+2/=0

=>X=-2

Minimum value of f = f (-2)==|-2+2/-1=-1
Hence, function f does not have a maximum value.
(i) g(x)=—|x+1+3

We know that —|x+1| <0 for every xeR.
Therefore, g(x)=—|x+1]+3<3 for every xeR.
The maximum value of g is attained when |x+1/=0.
x+1=0

=>x=-1

Maximum value of g =g(-1)=—|-1+1+3=3
Hence, function g does not have a maximum value.
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(iii) h(x)=sin2x+5
We know that —1<sin2x <1.
—1+5<sin2x+5<1+5

4<sin2x+5<6
Hence, the maximum and minimum values of h are 6 and 4 respectively.

(iv) f(x)=[sin4x+3|
We know that —1<sin4x<1.
2<sin4x+3<4

2<|sin4x+3/<4
Hence, the maximum and minimum values of f are 4and 2 respectively.
(V) h(x)=x+4,xe(-11)

X
Here, if a point X, is closest to —1, then we find ?°+1< x,+1 for all x e(—l,l).

Also if x_is closet to —1, then we find x, +1< X1—+1+1 forall x e(-11).
1 2 0

Hence, function h(x) has neither maximum nor minimum value in (-1,1).

Find the local maxima and local minima, if any, of the following functions. Find also the local
maximum and the local minimum values, as the case may be:

(@) f(x)=x2 (i) g(x)=x*—=3x (iii) h(x):sinx+cos.0<x<%

(iv) f(x)=sinx—cosx,0<x<2z (v) f(x)=x>—6x>+9x+15

(vi) g(x):g+§,x>0 (vii) g(x):X21+2 (vil) f(x)=xJI=X,x>0

Solution 3:
(i) f(x)=x?
o (x)=2x
Now,
f (x)=0=x=0
Thus, x=0 is the only critical point which could possibly be the point of local maxima or local
minima of f .
We have f’’(0)=2, which is positive.
Therefore, by second derivative test, x=0 is a point of local minima and local minimum value
of f

at x=0is f(0)=0.
(ii) g(x)=x>-3x
5.9 (x)=3x*-3
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Now,
9'(x)=0=>3x*=3=x=4%1

g”’(x) = 6x

g’(1)=6>0

g’(-1)=-6<0

By second derivative test, x=1 is a point of local minima and local minimum value of g

At x=1is g(1)=1"-3=1-3=-2. However,

x=-1 is a point of local maxima and local maximum value of g at
x=-11is g(1)=(-1)’ -3(-1)=-1+3=-2.

(iii) h(x):sinx+cos.0<x<%

. h'(X) = cos x +sin x

h'(x) :O:>sinx:cosx:>tanx=1:>x:%e(O,%j

h”’(x) = —sin X — €0S X
/s 1 1

“"(z):‘%+ﬁ):‘ﬁ:‘ 2<0

Therefore, by second derivative test, x :% is a point of local maxima and the local Maximum

T . T . T T 1 1
valueof h at x==is h| = |=sSin—+4+Cc0S— =—+—=+/2.
4 [4) 4 4 2 2 V2
(iv) f(x)=sinx—cosx,0<x< 27z
o f(x)=cosx+sinx

f'(x)=O:>cosx=—sinx:>tanx:—1:>x=377[,777[e(0,27r)

f "(x)=—sinx+cosx

. 37 . 3 3z 1 1
f"l = |=-sin—+cos—=-——=--—==-J2>0
4 4 4 2 2
f Iz :—sin7—”+cos7—ﬁ=i+i: 2>0
4 4 4 2 2

Therefore, by second derivative test, x = 37” is appoint of local maxima and the local maximum

value of f at x:% is

f(s—ﬁj:sing—ﬁcos:g—”:i+i= 2. However, x:7—7r is a point of local minima and the
V2 2 4
local minimum value of f at x:7—7r is f[7—ﬂj=sin7—”—cos7—ﬁ=—i—i=—x/§.
4 4 4 4 2 2

(v) f(x)=x"—6x+9x+15
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o (x)=3%" —12x+9

f(x)=0=3(x"-4x+3)=0

=3(x-1)(x-3)=0

=x=13

Now, f"

(x)=6x-12=6(x—2)

f'(1)=6(1-2)=-6<0

f'(3)=6(3-2)=6>0

Therefore, by second derivative test, x=1 is a point of local maxima and the local maximum
value of f at x=1is f(1)=1-6+9+15=19. However, x=3 is a point of local minima and

the local minimum value of f at x=3 is f(3)=27-54+27+15=15.
] X 2

Vi X)==+—,%Xx>0

(vi) g(x) 5t

: 1 2
g (X):E__z

Now,

>

g (x)=0 gives%:%:x3:4:x:i2
X

Since x>0, we take x=2.
Now,

" 4
9 (X)Zg

. 4
g (2)=§
Therefore, by second derivative test, x=2 is a point of local minima and the local minimum
value of g at x=2 is g(2):§+§:1+1:2.

:l>0
2

. 1
vii X)=
vii) 9(x) X2 +2
_ (2

(x*°‘+2)2
. —2X
g(x)=0=—"=5=0=x=0

(x3+2)

Now , for values close to x=0 and to the left of 0, gl(x)>0. Also, for values close to x=0
and to the right of g*(x)<0.

Therefore, by first derivative test x =0 is a point of local maxima and the local maximum value

.11
fg(0) is —==.
of 9(0) s 0+2 2

2.9 (x)
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(viii) f(x)=xy1-x,x>0

. ' _ _ . 1 _ — Y —
S0 = xV1-X + X 2\/1__)(( 1)=+1

X
2J1-x
_21-x)-x _ 2-3x
21— x  21-x
2—-3X
2J1-x

-1
. 1 J1-x(-3) —(2—3x)(2 - xj
2

f'(x)=0= =O:>2—3x=0:>x:§

1-x

V1-x(-3)+2(2— 3X)(

2(1-x)
_ —6(1—x)+2(2-3x)

i)

4(1-x)?
3x—4

3

4(1-x)2

f.(gjz 3(2)_4 _2-4 g

3 e
(=30 ) )

Therefore, by second derivative test, x :% is a point of local maxima and the local maximum

value of f at x:% i

IS
f(éj_z /1_Z_E\ﬁ_i_$
3) 3" 3 3\3 3/3 9°

Prove that the following functions do not have maxima or minima:
(i) f(x)=e* (i) g(x)=logx (iii) h(x)=x+x*+x+1

Solution 4:
(i) f(x)=¢"
s f(x)=e
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Now, if f'(x) =0, then ¢* =0. But the exponential function can never assume 0 for any value

of X.
Therefore, there does not exist ceR such that f (c)=0.

Hence, function f does not have maxima or minima.
(if) We have,
g(x)=logx

Since logx is defined for a positive number X, g (x)>0 forany X.
Therefore, there does not exist ceR such that g (c)=0.

Hence, function g does not have maxima or minima.

(iii) We have,

h(x)=x>+x*+x+1

s h(x)=3x*+2x+1

Now,

Therefore, there does not exist ceR such that h'(c)=0.

Hence, function h does not have maxima or minima.

Find the absolute maximum value and the absolute minimum value of the following functions
in the given intervals:

(i) f(x)=x°xe[-2,2] (ii) f(x)=sinx+cosx,xe[0,7]

(iii) f(x)=4x—%x2,XG[—2,%} (iv) f(x)=(x-1)"+3 xe[-31]

Solution 5:
(i) The given functionis f(x)=x".

s (x)=3%

Now,

f (x)=0=x=0

Then, we evaluate the value of f at critical point x =0 and at end points of the interval [—2, 2].
f(0)=0

f(-2)=(-2)"=-8

f(2)=(2)"=8

Hence, we can conclude that the absolute maximum value of f on [—2, 2] is 8 occurring at

x =—2. Also, the absolute minimum value of f on [—2, 2] IS —8 occurring at x =-2.
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(i) The given function is f (x)=sinx+cosx.
. f(x)=cosx—sinx
Now,

f'(x)=0:>sinx=cosx:tanx:1:x:%

Then, we evaluate the value of f at critical point x:% and at the end points of the interval
[0,

. 1 1 2
f Zj:sm£+cos£:—+—:—:\5
R
f(0)=sin0+cos0=0+1=1
f(7)=sinz+cosz=0-1=1

[—

Hence, we can conclude that the absolute maximum value of f on [O, 72'] IS /2 occurring at

x:% and the absolute minimum value of f on [0, 7] is -1 occurring X=7.
(iii) The given function is f (x)=4x—=x

f'(x)=4x—%(2x):4—x

Now,

f'(x)=0=>x=4

Then, we evaluate the value of f at critical point x=4, and at the end points of the interval

f(4)=16—%(16)=16—8=8

f(-2)=-8-(4)=-8-2--10

2
f£§j24(3j-1(9J _18-81_18 10125-7.875
2 2) 212 8

Hence, we can conclude that the absolute maximum value of f on {—2,%} is 8 occurring at

x =4 and the absolute minimum value of f on {—2,%} is —10 occurring at x =—2.

(iv) The given function is f (x) =(x—1)2 +3.
s (x)=2(x-1)

Now,

f (x)=0=2(x-1)=0, x=1
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Then, we evaluate the value of f at critical point x=1 and at the end points of the interval
[-3.1].

f(1)=(1-1)° +3=0+3=3

f (-3)=(-3-1)"+3=16+3=19

Hence, we can conclude that the absolute maximum value of f on [-3/1] is 19 occurring at

x =—3 and the minimum value of f on [-3,1] is occurring at x=1.

Find the maximum profit that a company can make, if the profit function is given by
p(X)=41-24x—-18x?

Solution 6:
The profit function is given as p(x)=41—24x—-18x".
- p (X)=-24-36x
p (x)=-36
Now,
—24 2

X)=0=2>X=—=—=
P ( ) 36 3
Also,

-2

" — |=-36<0

p(sj

By second derivatives test, x = —% is the point of local maximum of p.
.. Maximum profit = p(-2/3)

sf 3

=41+16-8
=49
Hence, the maximum profit that the company can make is 49 units.

Find the intervals in which the function f givenby f(x)=x’ +i3,x =0 is
X
(i) Increasing (ii) Decreasing

Solution 7:

1
f(x):x3+;
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6
f'(x):3x2—x—3;:¥
Then, f (x)=0=3x’-3=0=>x"=1=x=+1

Now, the points x=1 and x=-1 divided the real line into three disjoint intervals i.e.,
(—o0,—1),(-11) and (1,00).

In intervals (—oo0,—1) and (1,0) i.e., when x<—1and x>1, f'(x)>0.

Thus, when x<—1and x>1, f isincreasing.

Inintervals (-11) i.e., when -1<x<1 f'(x)<0.

Thus, when —1<x<1, f isdecreasing.

At what points in the interval [0,27], does the function sin2x attain, its maximum value?

Solution 8:

Let f(x)=sin2x.

- f(x)=2cos 2x
Now,

f' (x)=0=cos2x=0

7w 37 57 Tx

:>2X:_)_7_1_
2 2 2 2
7w 3w S In
:>X:_l_’_l_
4 4 4 4
Then, we evaluate the values of f at critical points x = %37”577[7% and at the end points of

the interval [0,27].

fl 2 :sinzzl,f 3—” =sin3—ﬁ:—1
4 2 4 2
f o =sin5—”=1,f Iz =sin7—ﬂ=—1
4 2 4 2
f(0)=sin0=0,f(27z)=sin27z=0
Hence, we can conclude that the absolute maximum value of f [O, 27r] is occurring at x :%

and x=5—ﬂ.
4

What is the maximum value of the function sin x+cos x?
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Solution 9:

Let f(x)=sinx+cosx
- f(x)=cosx—sinx
f (X)=0=sinx=cosx=tanx=1=>x = 577[

N

f'(x) =—sinx—cosx = —(sin x+cos x)
Now, f"(x) will be negative when (sinx+cosx) is positive i.e., when sinx and COSX are
both positive. Also, we know that sinx and COSX both are positive in the first quadrant. Then,

f "(x) will be negative when x e (O%j

. T
Thus, we consider x = 7

f"(%):—(sin%+cosgj:—(%j:— 2<0

By second derivative test, f will be the maximum at x:% and the maximum value of f is

. 1 1 2
f z =Slnz+COSZ=—X—=—= 2.
(4) 4 4 J_

2 V2 2

Find the maximum value of 2x® —24x+107 in the interval [L 3]. Find the maximum value of

the same function in [—3, —1] )

Solution 10:
Let f(x)=2x>—-24x+107

s f(x)=6x° —24=6(x2 —4)

Now,

f'(x)=0:>6(x2—4):0:>x2 =4=>x=%2

We first consider the interval [1,3].

Then, we evalutat the value of f at the critical point x e [L 3] and at the end points of the interval
[13]

f (2)=2(8)-24(2)+107 =16—48+107 = 75

f(1)=2(1)-24(1)+107 =2-24+107 =85

f (3)=2(27)—-24(3)+107 =54—72+107 =89

Hence, the absolute maximum value of f (x) in the interval [1,3] is 89occurring at x =3.

Next, we consider the interval [—3, —1] .
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Evaluate the value of f at the critical pont X =-2 €[-3,—1] and at the end points of the interval
[1, 3]
f (-3)=2(—-27)-24(-3)+107 =54+72+107 =125

f (-1)=2(—1)—24(-1)+107 =2+24+107 =129
f (—2)=2(-8)—24(~2)+107 = ~16+48+107 =139
Hence, the absolute maximum value of f (x) inthe interval [-3,—1] is 139 occurring at x =-2.

Itis given that at x =1, the function x* —62x° +ax+9 attains its maximum value, on the interval
[0,2]. Find the value of a.

Solution 11:

Let f(x)=x"—-62x>+ax+9.

o (X)=4x*—124x+a

It is given that function f attains its maximum value on the interval [0,2] at x=1.
~f(1)=0

=4-124+a=0

=a=120
Hence, the value of a is 120.

Find the maximum and minimum values of x+sin2x on [0,27].

Solution 12:
Let f(x)=x+sin2x.

o f(x)=1+2cos2x

Now, f'(x)=0:>cost:—l=—cosz:cos(n—zj:cosz—”
2 3 3 3

2X:27ri2—7.z neZ

3
:>X=7ziz, neZ

3

X = 2,2—72.,4—”,5—726[0,27[]
33 3 3

Then, we evaluate the value of f at critical points :x_% %4{% and the end points of

the interval [0,27].
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((Z) 7 gn2r_7 B
3 3 3 3 2
27 2 Ar 217 3
fl 2| =2 gin 22 222 N9
3j 3 3 2
A A 8t A4r 3
i P S o L
3 3 3 3 2
f 5—”j=5—”+si 107 _57 3
3 3 2

3
f(0)=0+sin0=0
f (27[):27I+Sin47r:27z+0=27z
Hence, we can conclude that the absolute maximum value of f (x) inthe interval [0,27] is 27

occurring at x=27 and the absolute minimum value of f(x) in the interval [0,27] is O
occurring at x=0.

Find two numbers whose sum is 24 and whose product is as large as possible.

Solution 13:
Let one number be X. Then, the other number is (24— x).

Let p(x) denote the product of the two numbers. Thus, we have:
P(x)=x(24-x)=24x—x"

- P (x)=24-2x
P (x)=-2

Now,
P(x)=0=x=12
Also,
P’(12)=—2<0

By second derivative test, x =12 is the point of local maxima of P . Hence, the product of the
numbers is the maximum when the numbers are 12 and 24-12 =12.

Find two positive numbers X and y such that x+Yy =60 and xy* is maximum.,

Solution 14:
The two numbers are X and y such that x+ Yy =60.

y=60—-X
Let f(x)=xy’
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= f (x)=x(60—x)’
- £'(x)=(60+x)’ ~3x(60—x)’

=(60+x)’[60—x—3x]

=(60+x)’ (60— 4x)

And, f"(x)=-2(60-x)(60—4x)—4(60—x)’
=—2(60—x)[ 60— 4x+2(60—X)]

=-2(60—x)(180-6x)

=—12(60—x)(30-x)

Now, f (x)=0=x=60 or x=15

When x=60, f (x)=0.

When, x=15, f"(x)=-12(60-15)(30-15)=12x45x15<0.

By second derivative test, x=15 is a point of local maxima of f . Thus , function xy® is
maximum when x=15 and y=60-15=45.
Hence, the required numbers are 15 and 45.

Find two positive numbers X and y such that their sum is 35 and the product x*y° is a
maximum.

Solution 15:
Let one number be X. Then, the other number is y =(35-Xx).

Let p(x)=x?y®. Then, we have:

P(x)=x*(35-x)’

- P'(x)=2x(35-x)’ -5x*(35-x)"

=x(35-x)"[ 2(35-x)-5x]

=x(35-x)"(70-7x)

=7x(35-x)" (10— x)

And, P (x)=7(35-x)" (10-x)+ 7% ~(35-5)" ~4(35-x)" (10-x)
(35-x)" (10— x)-7x(35-x)" —28x(35-x)’ (10 x)
(35-x)°[ (35— x)(10—X) - (35— X) —4x(10—X) |
(35— x)3[350 45X + X* — 35X+ X° —40x+4x]

(35— x)’(6x* ~120x +350)
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Now, P'(x)=0=x=0,x=35x=10

When, x=35, f'(x)=f(x)=0 and y=35-35=0. This will make the product x*y°* equal to
0.

When x=0,y=35-0=35 and the product x*y* will be 0.

x=0 and x =35 cannot be the possible values of X.
When x=10, we have:

P"(x)=7(35-10)’ (6x100-120x10+350)

=7(25)’(~250) <0

By second derivative test, P(x) will be the maximum when x=10 and y=35-10=25.
Hence, the required numbers are 10 and 25.

Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.

Solution 16:
Let one number be X. Then, the other number is (16—x).

Let the sum of the cubes of these numbers be denoted by S(x). Then,
S(x):x3’+(16—x)3
.S (x)=3x*-3(16-x)",S"(x) =6x+6(16—X)
Now, S'(x)=0=>3x*-3(16-x) =0
= x*~(16-x)" =0
= x> -256-x*+32x=0
32
Now, S'(8)=6(8)+6(16—8)=48+48=96>0

By second derivative test, x = 8 is the point of local minima of S.
Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 and 16 —8
=8.

= X 8

A square piece of tin od side 18 cm is to made into a box without top, by cutting a square from
each corner and folding up the flaps to form the box. What should be the side of the square to
be cut off so that the volume of the box is the maximum possible?

Solution 17:

Let the side of the square to be cut off be x cm.Then, the length and the breath of the box will
be (18 — 2x) cm each and the height of the box is x cm

Therefore, the volume V(x) of the box is given by,
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V (X) = X(18—2x)*

- V'(X) = (18—-2x)* —4x(18—2x)
=(18-2x)[18-2x—-4x]

= (18—2x)[18-6x]

=6x2(9-Xx)(3—X)

=12(9-x)(3-X)

And, V'(x) =12[-(9—x) — (3—X)]

=-12(9-x+3-X)

=-12(12-2x)

=-24(6—X)

Now, v'(x)=0=x=90rx=3

If x =9, then the length and the breadth will become 0.
SoX#9

=>Xx=3

Now, V"(3) =-24(6—-3)=-72<0

.. By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make a box
from the remaining sheet, then the volume of the box obtained is the largest possible.

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off
square from each corner and folding up the flaps. What should be the side of the square to be
cut off so that the volume of the box is the maximum possible?

Solution 18:

Let the side of the square to be cut be x cm. Then, the height of the box is x, the length is 45 —
2X, ad the breadth is 24 — 2x

Therefore, the volume V(x) of the box is given by,

V(x) = x(45 — 2x)(24 — 2X)

= X(1080 — 90x — 48X + 4x?)

= 4x3 — 138x2 + 1080x

V’(x) = 12x% — 276 + 1080

= 12(x? — 23x +90)

=12(x - 18)(x—5)

V?’(x) =24x — 276 = 12(2x — 23)

Now, V’(x) =0 = x =18 and x =5

It is not possible to cut off a square of side 18 cm from each corner of the rectangular sheet,
Thus x cannot be equal to 18.

X=5

Now, V’(5) = 12(10 — 23) = 12(-13) =-156 < 0

.. By second derivative test x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible is
5cm.
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Show that of all the rectangles inscribed in a given fixed circle, the square has the maximum
area.

Solution 19:
Let a rectangle of length | and breadth b be inscribed in the given circle of radius a.
Then, the diagonal passes through the center and is of length 2a cm.

o

Now, by applying the Pythagoras theorem, we have:
(2a)* =17 +b?

=b*=4a*-|?

—b=4+/4a%-1?

Area of the rectangle, A=Iv4a®—I?
. dA =+4a*—1? +1
_ 4ar-21?

Jda? -2

L AR — 1P (—al) - (48> - 212 ) (21)

A_ 48’

\ﬁ( 21y = J4a? - ﬁ

|2

di? (4a> —1?)
(42— 17)(~41) +1(4a> - 21°)

B 3
(4a* —17)2
_—12a%1+21°  -21(6a -1?)
- 3 3
(4a —1?)2 (4a® —1?)2
dA ; 2 2
Now, azO gives 4a2 =212 =1 =+/2a

—b=+4a%-2a% =+/2a% =2a

Now, when | =\/5,
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d’A _ -2(v/2a)(-6a° -2a%) _-8\2a® _

NE 122 o2a°

. By the second derivative test, when | =+/2a, then the area of the rectangle is the maximum.

—-4<0

Since | =b =+/2a, the rectangle is a square.
Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the square
has the maximum area.

Show that the right circular cylinder of given surface and maximum volume is such that is
heights is equal to the diameter of the base.

Solution 20:

Let r and h be the radius and height of the cylinder respectively.
Then, the surface area (S) of the cylinder is given by,
S=2xr*+2xrh

S—2xr?
>h=—/"-
2rr

=
=—|=|-r
2T\ r

Let V be the volume of the cylinder. Then,

V = zr’h = zr? S (1 -r :g:_m’?’:i(l)_r
2\ r 2 2\ r

Then, d_V = E —3rr?, dZ\Z/ =—6xr
dr 2 dr
Now, Ol—\/=0:>§=37zr2 =r? _S
dr 2 67
When r? =i, then gz—&z S <0.
67 dr 67
By Second derivative test, the volume is the maximum when r? = 63 :
T
2
Now, when r? =i, then h= bz (lj—rzsr—rzzr
6 2w \r

Hence, the volume is the maximum when the height is twice the radius i.e., when the height is
equal to the diameter.

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic centimeters,
find the dimensions of the can which has the minimum surface area?

Solution 21:
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Let r and h be the radius and height of the cylinder respectively.
Then, volume (V) of the cylinder is given by,

V = 71’h =100 (given)
100
r
Surface area (S) of the cylinder is given by,
S =2xr?+2zrh=27r? +@
[

ds 200 d°S 400
—:47Z'r——2, —2:47Z'+—3
dr r- dr r
d_S =0=4xr = ZLéO
dr r

s 200 50
=>r=——>=—

dr

1
(50}3
=>r=({—
4
1 2
50)3 d?s 0.

Now, it is observed that when r = [— y ——
T dr

By second derivative test, the surface area is the minimum when the radius of the cylinder is

1
(50}3
— | Ccm.
V4

1 1
Whenr = (@T ,h= Z(S—Ojs cm.
T T

1

3
Hence the required dimensions of the can which has them minimum surface area is given (S—OJ
T

VA

and height = 2(5—OJ3 cm.

A Wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square
and the other into a circle. What should be the length of the two pieces so that the combined area
of the circle is minimum?

Solution 22:
Let a piece of length | be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28 — I)m.

Now, side of square= !Z
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Let r be the radius of the circle. Then, 2zr =28—-1=r = %(28— 1.
T

The combined areas of the square and the circle (A) is given by,
A = (side of the square) 7% + r?

12 1 ’
:E+7T|:—7[(28—|):|

2
2
= I—+i(28— 1)?
16 4r
dA 21 2 I 1
S—=—+—(28-1)(-1)==———(28-1
d 16 47r( ) 8 27z( )
2
d 'ZA‘ = ! + 1 >0
dl 8 2x
Now, d—A=O:>l—i(28—l)=0
dl 8 2x
N 7zl —4(28-1) 0
8z
(z+4)1-112=0
112
==
T+4
2
Thus, when | :ﬁ, d—'2A>O
7+4 dl
.. By second derivative test, the area (A) is the minimum when | = £24
T+
Hence, the combined area is the minimum when the length of the wire in making the square is
112 cm while the length of the wire in making the circle is 28—£ =28—7[
T+4 T+4 rm+4

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is % of

the volume of the sphere.

Solution 23:
Let r and h be the radius and height of the cone respectively inscribed in a sphere of radius R.
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Let V be the volume of the cone.
Then, V =%7rr2h

Height of the cone is given by,

h=R+AB=R++vR?—r? [ABC is a right triangle]

Y =%7rr2(R+«/R2 —r?)
=%7rr2R +%7zr2»\/R2 —r?

d—V=Eﬂ'I'R+Z7ZT~/R2—r2 +l7zr2.ﬂ

d 3 3 3 ZQ/RZ_rZ

2 2 1 r
=ZaR+ZarR? =r* - g ————
3 3 37 JRT_r?
2 .2y .3
=g7er+27zr(R r<)—zr
3 3JR? —r?
2 27rR? = 3713

= LR R
3 N

—2r)

3WVR* —r?(22R* = 971?) — (22rR* = 371%) 220
2 2

da =27zRJr 2NR*—r

dr? 3 9(R*—r?)
22 2 2 2n2 4
=§m’R+9(R r-)(2zR* —9zr )+327z'r R +3xr
27(R? —r?)2
3 2
Now, v :0:>7zg R = Ser —27R

dr 3 3«}R2 _r2
3 2
:ZR:%:ZRJRZ—F =3r?-2R?
R —r
= 4R%(R? —r?) = (3r% — 2R?)?
= 4R* —4R?*r’> =9r* + 4R* —12r°R?
= 9r* =8R’r?

=S
9

when rzzng,then ?j—z\g<0
r

. . . 8
By second derivative test, the volume of the cone is the maximum when r* = 9 R”.

When r2=§R2, h=R+ /R2—§R2 =R+ fle :R+E:fR
9 9 9 3 3

Therefore,

2
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:}7, §R2 fR
3 \9 3
=£ ﬂ71'R3
27\3
= %x (Volume of the sphere)

L . 8
Hence, the volume of the largest cone that can be inscribed in the sphere is 57 the volume of

the sphere.

Show that he right circular cone of least curved surface and given volume has an altitude equal
to /2 time the radius of the base.

Solution 24:
Let r and h be the radius and the height (altitude) of the cone respectively.
Then, the volume (V) of the cone is given as:
V= i7rl‘2h =h= gz
3 r
The surface area (S) of the cone is given by,

S = zrl (Where | is the slant height)

= 7zr\r? = h?

=7r,|r? +

v ? r\92r? +V?2
= 7[—
7r2r4 m‘z

SN PRV

.
ro—— 7 +9ov

S 2zt +ov?
dr r
3kt -t -9v?

r2\z?ré +9v?

27°rt —9v?

r2Jz%r® +9v?2

Now, d—S:O:Zﬂzr6 =V =rb =
dr 27

2

2

2 2
Thus, it can be easily verified that when r® :%2, d—?
27 dr

- . v?
By second derivative test, the surface area of the cone is the least when r° = 52
T
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272 xr? oxr 9 o
Hence, for a given volume, the right circular cone of the least curved surface has an altitude
equal to J2 times the radius of the base.

1
2 2,6\2 / 3
when, o= h N _ [Zﬁrj - 2;” —\2r

Show that the semi-vertical angle of the cone of the maximum volume and of given slant height

is tan? /2

Solution 25:
Let & be the semi-vertical angle of the cone.

It is clear that @ e {O, %}

Let r, hand | be the radius, height, and the slant height of the cone respectively.
The slant height of the cone is given as constant.

1

Now r =1singd and h =1cosé
The volume (V) of the cone is given by,

V= 1m’zh
3
=%7Z’(|25in2(9)(| cos6)

=%7rl3sin2 6cosb

3
3—\; = I?”[sin2 O(—sin @) + cosd(2sin @cos H)]

3
= I?”[—sin% 2sin@cos’ 4]
3
% = I?7[[—33in2 @cosO+2cos’ @ —4sin* Ocosb]

I*z

= ?[Zcosz 0 —T7sin* @cosd]
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= sin®*@ = 2sinfdcos’ @
=tan*0=2

= tanfd =42

=0 =tan*\2

Now, when @ =tan+/2, then tan?@ =2 or sin®> 9 =2cos> O
Then, we have:

3
3;\2 =|?7[[20033¢9—14c0339]=—47zl300530<0 for ee[o,ﬂ

By second derivative test, the volume (V) is the maximum when 6 = tan /2.
Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume is

tan /2

The point on the curve x? = 2y which is nearest to the point (0, 5) is

(A) (2V2,4) (B) (242,0) (©) (0, 0) (D) (2,2)

Solution 26:
The given curve is x? = 2y.

2
For each value of x, the position of the point will be (XX?]

2

The distance d(x) between the points (xx?j and (0, 5) is given by,

X2 ? X4 X4
d(x) = (X—0)2+(7—5j :\/x2+7+25—5x2:\/7—4x2+25

(x*-8x)  (x*-8x)
4 4 2
2\/X—4x2+25 \/’X -16x“+100

~d'(X) =

Now, d'(x)=0=>x>*-8x=0
= X(x*-8)=0

—x=0, +2/2

4x% —32x
Jx* —16x2 +100

X% —16x% +100(3x2 —8) — (X* —8X)
And d"(x) = 2

(x* —16x* +100)
(x* —16x* +100)(3x* —8) — 2(x*> —8x)(x® —8x)
3

(x* —16x2 +100)2
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(x* —=16x* +100)(3x* —8) —2(x®> —8x)?

- 3
(x* —16x* +100)2
36(-8)

63

When, x = 0 then d"(x) = <0

When, x =422, d(x)>0

By second derivative test, d(x) is the minimum at x :izxﬁ.

(2V2)* _
5"

Hence, the point on the curve x2 = 2y which is nearest to the point (0, 5) is (22, 4).

The correct answer is A.

When, x=+2/2, y= 4,

_ 2
For all real values of x, the minimum value of 1X—+X2 is
1+X+X
1
A0 (B)1 ()3 (D) 3
Solution 27:
_ 2
Let f(x) =1 X*+X
1+ Xx+X
, (L+ X+ X*)(=1+ 2X) — (L= X+ x*)(L+ 2X)
f'(x)= 22
@+ x+x%)

2x% -2 2(x* 1)
- (L+x+x%)? - (L+x+x?)?
LX) =0=>x=1=>x=+1
2L+ X+ x)(2X) — (x> =1)(2) 1+ x+ x*) 1+ 2X)]

Now, f"(x)=

(L+x+x%)*
AL+ X XA+ x+ X)X — (X =11+ 2x)]
(L+x+x%)*
:4[x+x2+x3—x2—2x3+1+2x]
1+ x+x%)°
:4(1+3x—x3)
(1+x+x?)?
And, £ =20+3-D_4®)_4_,
@+1+1° 3" 9
And, £0)=24=3D 4y 40
@+1+1)

By second derivative test f is the minimum at x = 1 and the minimum value is given by
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1-1+1 1

1+1+1 3
The correct answer is D.

f(L) =

1
The maximum value of [x(x+1)+1]3, 0<x<1is

1 % 1
@) [gj ®:  ©1  ©o

Solution 28:

Let f(x)=[x(x+1) +1]%.

, 2X+1
s = 7
Ix(x+1)+1]°
Now, f(X):O:>X=—%

But, x = -1/2 is not part of the interval [0,1]
Then, we evaluate the value of f at the end points of the interval [0, 1] {i.e., at x = 0 and x =1},

f(0) =[0(0-1) +1]§ -1

1
f(0)=[1Q1-D)+1]* =1
Hence, we can conclude that the maximum value of f in the interval [0, 1] is 1.
The correct answer is C.

Miscellaneous Exercise

Using differentials, find the approximate value of each of the following.

Solution 1:

: 16 1
(a) Consider y=x*. Let x=— and Ax=—.
81 81

1 1

Then, Ay = (X+Ax)* —x*
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(L7} (16
81 81

17):_2

81 3

— E ‘ _g + Ay

81 3

Now, dy is approximately equal to Ay and is given by,

dy:(ﬂij: ! 5 (AX) [asyzx‘l‘j
dx A(x)*

1 (1)_20 1 _ 1 _1_500

- 3[8_1JZ4X8X8_1:32X3:96
(&)
81

1

Hence, the approximate value of (g}; is

% +0.010=0.667 +0.010

=0.677.

1
(b) Consider y=x5. Let x=32 and Ax=1.
1 1 1 1 1

1
Then, Ay = (x+AX)® — x5 =(33)° —(32)° =(33) 5 - >

1
- (33)° = % +AY

Now, dy is approximately equal to Ay and is given by,

dyz[%)Ax: _19 (AX) (asy=x;J
5(x)°
-1 =t -"0003
5(2) 320

1

Hence, the approximate value of (33)s is % +(~0.003) = 0.5-0.003 = 0.497 .

Show that the function given by f(x) = logx has maximum at x = e.
X

Solution 2:
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The given function is f(x) = Ioﬂ
X

x(lj—logx
Fi(x) = —X _1-logx

NG x>

Now, f(x) =0
= 1-logx=0
= logx=1
= logx=loge
= X=e

X? (—)1(} —(1-log x)(2x)

Now, f"(x)= 7
X
—X —2Xx(1-logx)
-3+ 2log x
X
Now, f "(e) = —3+23I098 _ —3:2 :_—3<0

e e e
Therefore, by second derivative test f is the maximum at x = e.

The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm
per second. How fast is the area decreasing when the two equal sides are equal to the base?

Solution 3:

Let AABC be isosceles where BC is the base of fixed length b.
Let the length of the two equal sides of AABC be a.

AD 1 BC.

Draw

B o D & C
2

2
Now, in AADC, by applying the Pythagoras theorem, we have:

2
AD =, |a* ——
\/ 4
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. 1, |, b?
Area of triangle (A):Eb a 7

The rate of change of the area with respect to time (t) is given by,
dA 1 2a  da ab da

dt 2 , /az_bZE_aMaz_bZE
4

It is given that the two equal sides of the triangle are decreasing at the rate of 3 cm per second.
da =-3cm/S
dt

_da_ -3ab

Tt V4a® - b?
Then, when a = b,we have:

_ 2 a2
d_A: 3ab 3b Z—E

dt  Jap? b2 3’
Hence, if two equal sides are equal to the base, then the area of the triangle is decreasing at the

rate of \/3b cm?/s.

Find the equation of the normal to curve y* =4x at the point (1.2).

Solution 4:
The equation of the given curve is y* =4x.
Differentiating with respect to x, we have:

dy
2y—=4
y dx
dy_4_2
dx dy vy
d_q _2_
dX Jo, 2
. . -1 -1
Now, the slope of the normal at point (1, 2) is ay = T =-1.

dxj|(1,2)

Equation of the normal at (1, 2) isy —2 = -1(x — 1).
y—-2=-xX+1
Xx+y—-3=0

Show that the normal at any point 6 to the curve
X=acosfd+adsing,y=asinfd—adcoséd is at a constant distance from the origin.



Class X1l - NCERT — Maths Chapter-06 - Application of Derivatives

Solution 5:

We have X =a cos 0 + a0 sin 0
.'.%:—asinéwasin O+alcosd=aldcosl
y=asin 8—adcosf

.'.%=acose—ac036?+a¢9$in9=a&sin&
.dy _dy d@ _aésing _

S = . =tan @
dx d@& dx aécosd

Slope of the normal at any point 6 i.
tan @

The equation of the normal at a given point (x,y)is given by,

y=asind+ad cosez_—l(x—acose—aesine)
tané

= ysin@ —asin® @+ agdsin@cos@ = —xcos @ + acos’ @ +sin fcos g
= XCc0s@ + ysind —a(sin’@+cos’0) =0
= zcosf+ysind—-a=0

Now, the perpendicular distance of the normal from the origin is
|-al _|-2]

Jcos? @ +sin? @ 1

Hence, the perpendicular distance of the normal from the origin is constant.

=| —a|, which is independent of 6.

Find the intervals in which the function given f by
4sin X — 2X — XCOS X
f(x)=
2+ COS X
Is (i) increasing (ii) decreasing

Solution 6:
F(x) = 4sin X —2X — XCOS X
2+ COS X
() = (2+ cos x)(4xcosx —2—c0os X + xSin X) — (4sin X — 2X — Xcos X)(—sin x)
B 2+ COS X
_ (2+cosx)(3cos x — 2+ xsin X) —sin x(4sin X —2X — XCOS X)
(2 +cosx)’
_ 6c0sX — 4+ 2xsin X +3c0s’ X — 2€0S X +Sin XCOS X + 4sin” X — 2sin® X — 2Xsin X — XSin XCOS X
(2 + cos x)?
_ 4cosx—cos’X _ COSX(4—cosX)
(2 + cos x)® (2 +cos x)?
=X
Now, f'(x)=0

= cosx=0,cosx=4
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But,cosx = 4

COS X =
T 3
SX==,—
2 2
V4 3r . . ) e .
Now, X = 3 and x= > divides (0, 2m) into three disjoint intervals i.e.,

[O,EJ, (zs—ﬁj and (3—7[ 272')
2 2 2 2
In intervals (0%) and [3?7[ 2;;), f'(x)>0.

Thus, f(x) is increasing for 0 < x < g and 37” <X<2r1.

T 3w

In the interval, (——) f'(x)<0.
2 2

Thus, f(X) is decreasing for % <X< 37”

Find the intervals in which the function f given by f(x) = x3 + % X # 01is
X

(i) increasing (ii) decreasing

Solution 7:
f(x) = x3 + ig
X

6

B O Y
X X

Then, £(x) =0 = 3x*-3=0 = x® =x= +1.
Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals
ie., (0,1, (-1, 1 and (1, ).
In intervals (—o, 1) and (1, «) i.e., whenx<-land x>1, f'(x)>0.
Thus, when x < -1 and x> 1, f is increasing.
In interval (-1,1) i.e., when-1<x<1, f'(x)<0.

Thus, when -1 < x < 1, f is decreasing.

2 2
Find the maximum area of an isosceles triangle inscribed in the ellipse —2+§=1 with its
a

vertex at one end of the major axis.

Solution 8:
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Vg

P

The given ellipse is —+
a’

Let the major axis be along the x-axis.

Let ABC, be the triangle inscribed in the ellipse where vertex C is at (a, 0).
Since the ellipse is symmetrical with respect to the x-axis and y-axis, we can assume the
coordinates of A to be (—xu, y1).

Now, we have Y, =iga/a2 —%7.

Coordinates of A are (—xl, b 2 —xfj and the coordinates of B are | x,, —9,/a2 -x° ) :
a a
As the point (—xu, y1), lies on the ellipse, the area of triangle ABC (A) is given by,

2b b b
A=l (a«/a — )+(—x1>(—gx/az—xf]+<—xl>(—ax/a2—xfj
:>A:ba4/a2—x12+x1E a’ —x>
CdA —2xb b ,— 2bx1

g 24/a - a?\ja’ - x?

b
Zﬁ[—&a*‘(az—&z)—&z]
_ b(-2x°-x*+a’)

2 ,aZ_X:LZ

Now, — =0
dx,
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= -2x°-xa+a*=0

Ly = a+./a? - 4(-2)(a%)

2(-2)

_at++/9a’
==
_ax3a
4

Sy =a,
2
But x1 cannot be equal to a_

a b |, a> ba J3o
X =— =—,]a"——="—3=—"H
WETATY 4 2a\/_ 2

—2X1
Ja2 —x2(~4x —a) — (-2x2 - xa+a’) —
X" (4% —a)—(=2x" - X )2 7

d2A b
Now, =—
Xmz a a’— X12
_bJ @ —x")(4x —a) +x (2%’ —xa+a’)
a

2
(@ -x°)°
b | 2x* —3a*x —a®%)
a 3
(@ -x°)?

Also, when x, = %, then

a® a® a® 3.,
d2A=E 2;—3;—& :9 Z—Ea —a
2 3 3
dx" a 3a% )2 3a% )2
4 4
9 3
b| 22
=— 3 <0
alr332)2
4

Thus, the area is the maximum when x, = g.

Maximum area of the triangle is given by,
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2 2
A:b/az_a_+(ﬂj9 2 &
4 2)a 4

1§+[§j9§i§
2 1 2)a 2
=abﬁ+abﬁ=3fab

2 4

=ab

A tank with rectangular base and rectangular sides, open at the top is to constructed so that its
depth is 2 m and volume is 8 m®. If building of tank costs Rs. 70 per sq. meters for the base and
Rs. 45 per sq. meters for sides. What is the cost of least expensive tank?

Solution 9:

Let I, b and h represent the length, breadth, and height of the tank respectively.
Then, we have height (h) =2 m

Volume of the tank = 8 m®

Volume of the tank = Ibh

8=Ixbx?2

:>Ib:4:b:%‘r

Now, area of the base = Ib = 4
Area, of the 4 walls (A) = 2h(l + b)

a=af1+1]

:>d—A=4 I—i
dl 12

= =42
However, the length cannot be negative.
Therefore, we have | = 4.

| 2

2
Now,—OI A=§
dl? |3

When, | =2
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2
d°A = 32 =4>0
di> 8
Thus, by second derivative test, the area is the minimum when | = 2.
We have I=b=h=2,
Cost of building the base = Rs. 70 x (Ib) = Rs. 70(4) = Rs. 280
Cost of building the walls = Rs. 2h (I + h) x 45 =Rs. 90(2)(2 + 2) = Rs. 8(90) = Rs. 720
Required total cost = Rs. (280 + 720) = Rs. 1000

Hence, the total cost of the tank will be Rs. 1000.

The sum of the perimeter of a circle and square is k, where k is some constant. Prove that the
sum of their area is least when the side of square is double the radius of the circle.

Solution 10:
Let r be the radius of the circle and a be the side of the square.
Then, we have:
2nr + 4a =k (where K is constant)
_k=27r

4
The sum of the areas of the circle and the square (A) is given by,
(k —27r)°

16
dA P 2(k —2zr)(27) _
dr 16

Now, d—A =0

dr
z(k—27r)

=a

A=rr’+a’=xr’+

27r =

_m(k—27r)
4

= 27r =

8r=k-2zr

= B8+27)r=Kk

. k _ k
8+27 2(4+nx)

2 2
Now, d—'§:27z+7[—>0
dr 2

K d’A

Where r = = >
2(4+ ) dr

The sum of the areas is least when r =
2(4+ 1)

k
k-2r7
{2(4+7r)} 8k + 27k — 27k k
where r = ,a= - -
2(4+7) 4 2(4+ ) x4 4+
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Hence, it has been proved that the sum of their areas is least when the side of the square is double
the radius of the circle.

A window is in the form of rectangle surmounted by a semicircular opening. The total perimeter
of the window is 10 m. Find the dimensions of the window to admit maximum light through the
whole opening.

Solution 11:
Let x and y be the length and breadth of the rectangular window.

Radius of the semicircular opening = g

y

X
It is given that the perimeter of the window is 10 m.

x+2y+ 2 —10
2
:>x(1+%]+2y=10

= 2y:10—x(1+%]

1 ~«
= y:5—X(E+Z)

Area of the window (A) is given by,

2
(X
A=xy+—| =
¢ 2(2)

4) 8
.'.d—A:5—2x 1+z +2x
dx 2 4

2

d g\:_(l_z) T4 F
dx 2) 4 4
Now,d—A—O
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:>5—x(1+zj+£x=0
2)" 4

:>5—x—zx=0
4

= x(1+ Z] =5
4
5 20
=>X= =
( ﬂj T+4
1+—
4
2
Thus, when x = 20 then d '2A<O.
T+4 dx
Therefore, by second derivative test, the area is the maximum when length x :2—04 m.
T+
Now,
e 20 (2+7 =5_5(2+7z) _ 10 m
T+4\ 4 T+4 T+4
Hence, the required dimensions of the window to admit maximum light is given by
length = 20 m and breadth = 10 m.
T+4 T+4

A point of the hypotenuse of a triangle is at distance dand b from the sides of the triangle. Show

2 2z
that the minimum length of the hypotenuse is (aS +b3}

Solution 12:

Let AABC be right-angles at B. Let AB = x and BC =Y.

Let P be a point on the hypotenuse of the triangle such that P is at a distance of a and b from the
sides AB and BC respectively.

Let zc =46

A

h 0
B C

We have, AC =/x*+y?
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Now,

PC = b cosec 4

And, AP =asec 6

AC =AP + PC

AC =bcosec § +asecd
. d(AC) _
T de
_d(AC) _

S——==0
dé

= asecdtan @ =bcosec dcot

a sind b cosd
cosd cos@ sind sind
= asin®*d=bcos® 0

1 1
= (a)3sin @ = (b)® cos &

1
=tand = (EJS
a

Chapter-06 - Application of Derivatives

(1)

=-hcosec@cotd+asecHdtand

1 1
3 3
sin9=L and cosé?zL ..(2)
2 2 2 2
Va3 +b? ad +b3
d?(AC)

It can be clearly shown that

Therefore, by second derivative test, the length of the hypotenuse is the maximum when

1

tan@ = (9)3 .
a

1

bz
<0 when tané?z(—j )

6° a

Now, when tan @ = (ET , we have:
a

1
tan @ = (9j3
a

2 2 2 2
3.p3 3.p3
AC=b\/a +b +a\/a +b

1 1

[Using (1) and (2)]
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3
2 2)2
Hence, the maximum length of the hypotenuses is = [a?’ +b3] :

Find the points at which the function f given by f(x) = (x — 2)*(x + 1) has
(i) local maxima (ii) local minima (iii) point of inflexion

Solution 13:

The given function is f(x) = (x — 2)%(x + 1)3
f'(x) =4(x—2)*(x+1)° +3(x+1D?*(x—2)*
=(Xx—2)’(x+1)°[4(x+1) +3(x—2)]
=(x=2*(x+1)*(7x-2)

Now, f(x)=0 = x=-1and x=§ orx=2
Now, for values of x close to ; and to the left of ; f(x) > 0. Also, for values of x close to ;
and to the right of ; £(x) > 0.

Thus, x:% is the point of local minima.

Now, as the value of x varies through -1 f(x) does not changes its sign.
Thus, x = -1 is the point of inflexion.

Find the absolute maximum and minimum values of the function f given by
f(x) = cos?x + sin x, x [0, 7]

Solution 14:
f(x) = cos?x + sin x
f '(x) = 2cos x(—sin x) +cos X
= -2sin X COS X + COS X
Now, f(x) =0
= 2Sin XCOS X = C0S X = cos X(2sinx—-1) =0

) 1
:>3|nx:5 or cosx=0
—=x="orZ as x €0, 7]
6 2

Now, evaluating the value of f at critical points x = % and X = % and at the end points of the

interval [0, 7] (i.e., at x =0 and x = n), we have:
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f (%) cos? +smE =£§j2 +

f (0)=cos?0+sin0=1+0=1
f(

1.5
2" 4

m)=c0s’ r+sinz =(— 1) +0=1
f( j cos?Z+sinZ=0+1=1
2 2 2
Hence, the absolute maximum value of f is % occurring at x = % and the absolute minimum

value of fis 1 occurringat x =0, x = % and .

Show that the altitude of the right circular cone of maximum volume that can be inscribed in a

sphere of radius r is %

Solution 15:
A sphere of fixed radius (r) is given.
Let R and h be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,
V= E7rR2h

3
Now, from the right triangle BCD, we have:

BC =r*-R’
h=r++r?—R?
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...V =}7Z'R2(r+ \lrz—Rz)zlﬂ'Rzr_F}ﬂ'Rz‘\“‘Z_Rz

2
(V2 Rr+—7rR\/7 R 2R
"dR 3 af _R2

2
=—rRr +—7zR«lr —-R?* -
3 x/r —R?

B E”Rr N 27Rr(r?—=R?*) - zR?
3 3Jr? —R?
B ZﬂRr N 27Rr? —=3zRr?
3 3Jr2—R?
Now, ﬂ =0
dR
27rR  37R? —27Rr?
:> =
3 3Jr’ —R?

= 2ryr’ —R? =3R?*-2r?

= 4r*(r’* —R*) = (3R* - 2r?)?
=14r* —4r°R* =9R* +4r* —12R°r?
=9R*-8R*r?*=0

= 9R* =8r?
= R2 —ﬁ
3Vr* —R*(2zr? —97R?) - (22R* -37R*)(-6R) %
Now d?v :27err 2\Jr? —R?
"drR* 3 9(r’—R?)

317 —R? (221 —92R?) - (27R° ~37R})@R) +
27Z'r 2 ?rZ _R2
3 9(r* —R?)
2
Now, when R* = 8r ,

) . r2
The volume is the maximum when R? :8—.

2 2 2
When RZ:8L height of the cone = r+,|r —ﬁ_r\/r r+£:£.
9 9 9 3 3
Hence, it can be seen that the altitude of the right circular cone of maximum volume that can be

inscribed in a sphere of radius r is %
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Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of

radius R is E, also find the maximum volume.

3

Solution 17:
A sphere of fixed radius (R) is given.
Let r and h be the radius and the height of the cylinder respectively.

e —

|

Form the given figure, we have h=2yR? —r?
The volume (V) of the cylinder is given by,

V =zr’h=2zr’yR* -r?

2 —
L v — 4zrJR? — 12 L 2nr(-2n
dr 2/R? —r?

2zr®
=4xrJR?—r Fanra
_Axr(R*—r?)-2zr’
- Rz _ 2
_ AxrR? —6ar®
- JRE-p?

Now, C(Ij—\: =0=4xrR*>-67r*=0

-2r)
JR? —r? (47R? —1871?) — (47TR? —67zr3)(7
Now d’v _ 2R —r?
" dr? (R —r?)
_(R*=r?)(4nR?* —187r?) +r(4nrR* —671°)
3

(R*—r?)2
B 47R* —227r?R? +1271* + 47r°R?
- 3
(R*—r?)?
2
Now, it can be observed that at r? =2i dv <0.

3 ' dr?
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The volume is the maximum when r?

2
When r? =3 the height of the cylinder is L’Rz _2R =2,[—

Hence, the volume of the cylinder is the maximum when the height of the cylinder is E

NG

Show that height of the cylinder of greatest volume which can be inscribed in a right circular
cone of height h and semi vertical angle a is one-third that of the cone and the greatest volume

of cylinder is 4 e tan’a.
27

Solution 18:
The given right circular cone of fixed height (h) and semi-vertical angle (a) can be drawn as:

Here, a cylinder of radius R and height H is inscribed in the cone.
Then, AGAO =a, OG=r, OA=h, OE =R, and CE = H.
We have,
r=htana
Now, since AAOG is similar to ACEG, we have:
AO CE
OG EG
h H

= [EG = OG — OF]
r r—-R

=H :E(r—R):L(htana—R)zi(htana—R)
r htana tana

Now, the volume (V) of the cylinder is given by,

2 3
V = 2R%H = "2 (htana—R) = zR% - 22
tana tana
2
d—V =27Rh 37R
drR tana

Now, d—V =0
drR
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2
— 27Rh =R
tana
= 2htana=3R
=R :&tana
3
Now, ﬂzZﬂRh—M—R
dR tana

And, for R = 2—3htan a we have:

dV _,on_ 67 (2—;tanaj:27rh—47zh:—27rh<0

> = JT|
dR tana

By second derivative test, the volume of the cylinder is the greatest when R = 2—\fghtan a.

When R=2—htana, H:L htana—z—htana =L htana =h
3 tana 3 tana 3 3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the

cylinder is the greatest.
Now, the maximum volume of the cylinder can be obtained as:

2 2 2
ﬂ(z—htana) (h):yz ﬂtanza (Ej:iﬂhStanza
3 3 9 3 27

Hence, the given result is proved.

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic mere per
hour. Then the depth of the wheat is increasing at the rate of
(A) 1m/h (B) 0.1 m/h (C) 1.1 m/h (D) 0.5 m/h

Solution 19:

Let r be the radius of the cylinder.

Then, volume (V) of the cylinder is given by,
V = n(radius)? x height

=7(10)%h (radius = 10 m)
=100 =h
Differentiating with respect to time t, we have:
d—V = 1007r@
dt dt

The tank is being filled with wheat at the rate of 314 cubic meters per hour.

Ll =314m3/h
dt

Thus, we have:
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314 =1007 dh
dt

N @ _ 314 _ 314 _

dt 100(3.14) 314
Hence, the depth of wheat is increasing at the rate of 1 m/h.
The correct answer is A.

The slope of the tangent to the curve x =t + 3t — 8, y = 2t? — 2t — 5 at the point (2, 1) is
22 6 7 —6

A)— (B)= (C) - (D) —

(A) - ( )7 ( )6 (D) -

Solution 20:

The givencurve isx=t?+3t-8,andy=2t> -2t -5
%=2t+3 and ﬂ:4t—2

dt dt

dy dy dt _4t-2
dx dt dx 2t+3

The given points is (2, —1).

At x = 2, we have:

t?+3t-8=2

=t?+3t-10=0

= {t-2)(t+5)=0

=t=2o0rt=-5

Aty =-1, we have

22 -2t-5=-1

=2t2-2t-4=0

= 2(t2-t-2)=0

= t-2)(t+1)=0

=t=2o0rt=-1

The common value of t is 2.

Hence, the slope of the tangent to the given curve at point (2, 1) is
ﬂ} _42)-2_8-2_6

dx |, 2(Q)+3 4+3 7

The correct answer is B.

The line y = mx + 1 is tangent to the given curve y? = 4x if the value on m is

A1 (B)2 (C)3 (D)%

Solution 21:
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The equation of the tangent to the given curve isy = mx + 1
Now, substituting y = mx + 1 in y= = 4x, we get:

= (Mmx + 1)? = 4x

= m?x?+1+2mx—4x=0

= m>2+x2m-4)+1=0 ...()

Since a tangent touches the curve at one point, the toots of equation (i) must be equal.
Therefore, we have:

Discriminant =0

(2m—4)? —4(m?)(1) =0

= 4m? + 16 — 16m —4m? =0

= 16 -16m=0

=>m=1

Hence, the required value of m is 1.

The correct answer is A.

The normal at the point (1, 1) on the curve 2y + x? = 3 is
(A)x+y=0 (B)x-y=0 (C)x+y+1=0 ([D)x-y=1

Solution 22:
The equation of the given curve is 2y + x?> = 3
Differentiating with respect to x, we have:

The slope of the normal to the given curve at point (1, 1) is

__1:1

o
dx @

Hence, the equation of the normal to the given curve at (1, 1) is given as:
=>y-1=1(x-1)

=>y-1=x-1

= Xx-y=0

The correct answer is B.

The normal to the curve x? = 4y passing (1, 2) is
A)x+y=3 (B)x-y=3 (C)x+y=1 D)x-y=1



Class X1l - NCERT — Maths Chapter-06 - Application of Derivatives

Solution 23:
The equation of the given curve is x? = 4y.
Differentiating with respect to x, we have:

2X = 4_d_y
dx
_Wy_x
dx 2
The slope of the normal to the given curve at point (h, K) is given by,
_ 1 _2
67
dX Jniy
Equation of the normal at point (h, k) is given as:
-2
—k=—(x-h
y . (x—h)

Now, it is given that the normal passes through the point (1, 2).
Therefore, we have:

2—k:%2(1—h) ork:2+%(1—h) (0

Since (h, k) lies on the curves x? = 4y, we have h? = 4k
2

=k= h—
4

From equation (i), we have:
h—2 = 2+E(1— h)
4 h
h3

:I:2h+2_2h:2
=h*=8
=h=2

h2
~k=—=k=1

4
Hence, the equation of the normal is given as:
= y-1-2(x-2)

=>y-1=(x-2)
=>Xx+y=3
The correct answer is A.

The points on the curve 9y? = x3, where the normal to the curve makes equal intercepts with the
axes are
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8 -8 3 8
o (1:2) ©(12) ©[4:2) @)

Solution 24:
The equation of the given curve is 9y? = x
Differentiating with respect to x, we have:

9(2y) a_ 3x°
dx

2
Wy _x
dx 6y
The slope of the normal to the given curve at point (X1, y1) IS
-1 6y,

dy} X
dX (%1, %1)

The equation of the normal to the curve at (X1, y1) is
_6y
y=Vy;= T"‘l (x=%)

= XY= X"y, =—6xy, +6xY;
= 6XY, XY =6X Y, +%°Y;
2
6Xy, . Xy —
6X Y, +XY;,  6XY +X7Y,
X y
= + =1
x(6+x) ¥ (6+x)
6 X
It is given that the normal makes equal intercepts with the axes.
Therefore, we have:

L XEx)_ y(6+%)

6 X
L
6 X
= x?=6y, .00
Also, the point (x1, y1) lies on the curve, so we have
9y12 = X13 (II)

From (i) and (ii), we have:

2\? 4
9(%j :xf:%:xf:>x1:4
From (iii), we have:
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:yz—%
o9

8

=y =t—
Y1 3

Hence, the required points are (4,12)

The correct answer is A.
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